Approximating the
Permanent via
Nonabelian Determinants
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Determinant and
Permanent

® | et Abea n xn matrix with entries in{0,1}

detA: Z( HA?,T("L PermA Z HAzwz
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A Combinatorial
Picture

® Jreat A as the adjacency matrix of a
bipartite graph G:
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Complexity

® (O-1 PERMANENT is #P-complete [Valiant '79]

® However, it can be approximated using a

rapidly-mixing Markov chain that samples
random perfect matchings
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The Godsil-Gutman
Estimator

® |et Abe an xn matrix with entries in {0, 1}

o Let Mw = %JAZJ for unlformly random %3 S { _
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What!?!

® |t’s true and, better yet, simple:

e [(det M)?] =B ) (—1)™ | [ MiniMio
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But What’s the
Variance!

® For matrix A, define X = (det M)% Then

| X ] = perm A

- ® How many samples do we need? Chebyshev:
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 [KKLLL '93]:

® But, they show that if 7i; is uniform on the
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Righer-dimensional
algebras?

® Barvinok: what if the 7ij are quaternions?
Or higher-dimensional objects!?

® [Chien, Rasmussen, Sinclair '03]

In the Clifford algebra of dimension d:
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How to define the
determinant?

® |n the nonabelian case, order matters

® [he conventional determinant takes each
product from top to bottom: no efficient
algorithm is known!

® [Barvinok '00]: symmetrize each term:

sdet M = ;l Z H Maz ,TT O

T, €Sy,

® O(n) algorithm in a d-dimensional algebra




Algebraic Estimators

® Define Mr,;j — pijAz—j,where Pij is drawn from
some distribution on a nonabelian algebra A

® The Haar measure on unitary d x d matrices

® [he Gaussian measure on d x d matrices
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Our Results

® [wo estimators, Haar or Gaussian measure:

X = |[trdet M|? X, = |tr sdet M|?

o We establlsh the foIIowmg ratios:
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Expansion

® |et’s expand the symmetric estimator:

Joz,ﬂ tr H Pai, ko (tr H ,057, )\ﬁz
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Permuted Products

ﬂ{/sz:j}[XS] Z Yo} Pap (trH Uo‘i) (tr H Ugi)

kA
aq - perm A
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The Cupcap Cometh

® \What, for instance, is

*‘301,02,03 (tI‘ 0'10'20'3) (tI‘ 0'10'30'2)* 7
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Diagrams and Loops

® Form product by “weaving’” matrices, and
connect with cupcaps

® Tracing gives a factor of d for each loop
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A Generating Function

® Averaging over all permutations gives

o
e

430{ dc([aar])

Ad

® where ¢(7) is the number of cycles
and » = (12 --- n) is a rotation

® Using Fourier analysis on S,

o= (20~ (,1))




Fourier Analysis

|

® First we write aq = —E, prderm)

® [hen aq is an inner product <dc('), 2 P>

where P is the uniform distribution on n-cycles

e d°) s the trace of a combinatorial representation:
action of S, on strings of length n over {1,...,d}

® Fourier coefficients are Kostka humbers wessssEEE

H
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® P is supported on “hooks” =
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The Second Moment:
Unsymmetrized

Z E{Pij} (tr H pi,ml) (tI‘ H pi,)\i) <t1‘ H Pf,m) <t1‘ H p:,m)

CHA (k,\,p,v)FC

® The tuple (k, A, i, v) determines a double
~ cycle cover: each pi; appears 2 or 4 times
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Fourth-Order
Operator

® |n the Gaussian measure,
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The Second Moment:
Unsymmetrized

® Sum over all mixtures of (1,3),(2,4) and
(1,4),(2,3) matchings

® Mixed matchings have fewer loops
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Second Moment,

Symmetrized
® Now the second moment v w A
cah be bounded in terms of " .
| a2y Ki? ii? : Ki?
4j'7T,O'ESQndC(7T o tor e (1 e e ) b})\x b})\x 6}9\&
2SR S b
® Complicated distribution of Ty )

pairs of n-cycles in Sy,
® Bound in terms of uniform distribution

® |ittlewood-Richardson rule: restrictions of irreps
of S2, to the Young subgroup S, x S,
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The Frobenius
Estimators
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