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Abstract. We study the computational complexity of solving equations and of deter-
mining the satisfiability of programs over a fixed finite monoid. We partially answer
an open problem of [4] by exhibiting quasi-polynomial time algorithms for a sub-
class of solvable non-nilpotent groups and relate this question to a natural circuit
complexity conjecture.

In the special case when M is aperiodic, we show that PROGRAM SATISFIABILITY
is in P when the monoid belongs to the variety DA and is NP-complete otherwise. In
contrast, we give an example of an aperiodic outside DA for which EQUATION SAT-
ISFIABILITY is computable in polynomial time and discuss the relative complexity
of the two problems. We also study the closure properties of classes for which these
problems belong to P and the extent to which these fail to form algebraic varieties.

1 Introduction

In [4], Goldmann and Russell investigated the computational complexity of determining if
an equation over some fixed finite group has a solution. Formally, an equation over a group,
or more generally over a monoid M, is given as

coXiC1---Cp1 X, Cp=m

where the ¢; € M are constants, m € M is the target and the X;’s are variables, not
necessarily distinct. The EQUATION SATISFIABILITY problem for M (which we will
denote EQN-SAT /) is to determine if there is an assignment to the variables such that
the equation is satisfied. It is shown in [4] that this problem is NP-complete for any non-
solvable group but lies in P for nilpotent groups. To prove the latter result, they introduced
the harder problem of determining whether a given program over a group G outputs some
g €d.

We complete and extend their results by considering the computational complexity of
both Equation Satisfiability and Program Satisfiability over a fixed monoid M. When M is a
group, we show that lower bounds on the length of programs over M that can compute AND
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yield upper bounds on the time complexity of PROG-SAT and EQN-SAT. In particular,
we give a quasi-polynomial time algorithm for a class of solvable, non-nilpotent groups. We
also uncover a tight relationship between the complexity of PROG-SAT for groups and the
conjecture that any bounded-depth circuit built solely of MOD,,, gates requires exponential
size to compute AND [2].

When M is an aperiodic monoid, we prove that PROG-SAT is solvable in polynomial
time when M belongs to the variety DA and is NP-complete otherwise. This is in sharp
contrast with the fact that there are aperiodics lying outside DA for which EQN-SAT is in
P and others for which it is NP-complete.

We also investigate the complexity of #PROG-SAT and show that it is #P-complete
for aperiodics outside of DA and non-solvable groups, but that it is in #L for monoids in
DA and not #P-complete under polynomial-time transformations for a subclass of solvable
groups, including nilpotent groups.

Finally, we discuss the relative complexity of PROG-SAT and EQN-SAT and the clo-
sure properties of classes of monoids for which these problems are in P. Section 2 outlines
the necessary background on finite monoids and programs over monoids. Sections 3 and 4
describe our results for groups and aperiodic monoids respectively. Finally, the differences
among the two problems are explored in Section 5 and open questions are presented in the
conclusion.

2 Preliminaries

2.1 Finite monoids

A monoid M is a set with a binary associative operation and an identity. This operation
defines a canonical surjective morphism evaly : M* — M by

evalpy (mims ... my) =mq - ma -+ - my,

which just maps a sequence of monoid elements to their product in M. In this paper, we
will only be considering finite monoids, with the exception of the free monoid A*.

We say that a monoid N divides monoid M and write N < M if N is the homomorphic
image of a submonoid of M. A class of finite monoids M is said to be a (pseudo-)variety
if it is closed under direct product and division. Varieties are the natural way of classifying
finite monoids.

In particular, finite groups and solvable finite groups form varieties.

A monoid M is aperiodic or group-free if no subset of it forms a non-trivial group or,
equivalently, if it satisfies m!*t! = m? for some integer ¢ and all m € M. We will also be
interested in the subvariety of aperiodics called DA. The monoids in DA are the aperiodics
satisfying (stu)"t(stu)™ = (stu)™, for some n > 0. It is known that M belongs to DA iff
for all F¥ C M the set {w € M* : evalp(w) = m € F} can be expressed as the disjoint
union of languages of the form L = AfaiAjas...apA}, where a; € M and A; C M and
this concatenation is unambiguous, meaning that if w € L then there is a unique way of
factoring w as woayw; . .. apwy with w; € Af [8]. This variety is omnipresent in investigations
of complexity-related questions on finite monoids [9, 12].

We will also be particularly concerned with two aperiodic monoids BAs and U that do
not belong to DA. They are the transition monoids associated with the following partial
automata (missing arcs map to an implicit sink state):
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Both BAs and U have 6 elements (namely {1,a,b,ab,ba,0}) but in BAy we have a® =
b2 = 0 while in U we have b> = 0 but a? = a. Note also that for both monoids we have
bab = b and aba = a.

Lemma 1. Let M be a finite aperiodic monoid that does not belong to DA. Then either
U<M or BAy, < M.

BA; and U are thus minimal outside DA. A proof of this lemma can be found in [11].
The wreath product of two monoids M, N, denoted M o N is the set M x N with an
operation defined as

(f1,11) - (f2,m2) = (fif',many)

where f': N - M is defined as f'(z) = fo(zn1). Note that the product zn; is well defined
since z € N. A group G is solvable iff it divides the wreath product of cyclic groups. (A proof
of this fact and a detailed introduction to finite monoids and algebraic automata theory can
be found in [3,7].)

2.2 Programs over monoids

The formalism of programs over finite monoids (or non-uniform DFA’s as they were first
referred to) was introduced by Barrington [1] to show the equivalence of NC! and bounded-
width branching programs.

An n-input program over M is a sequence of instructions

¢ = (i1, 51,t1)(i2, 52, t2) . .. (i1, 51, 1)

where the i; € [n] are bit positions in the input and s;,t; € M. Given an input z € {0,1}",
the program ¢ outputs the string ¢(z) = wiws ... w; where w; = s; if the i;h bit of the
input is 0 and w; = t; if this bit is 1. We say that a language L C {0,1}" is recognized by
this program if there exists F C M such that =z is in L iff evalp(¢(z)) is in F.

There is a deep connection between such programs and subclasses of NC!. In particular,
a language is in NC! iff it can be recognized by a program over a finite monoid. Similarly
ACY is exactly the class of languages recognizable by programs over aperiodic monoids and
CQO circuits (polynomial size bounded depth circuits using only MOD,,, gates) correspond
to programs of polynomial length over solvable groups. A complete survey of such results
can be found in [5].

Given an n-input program ¢ over a monoid M and a target set F' C M, the PROGRAM
SATISFIABILITY problem (denoted PROG-SAT;) is to determine whether there exists
z € {0,1}" such that ¢(z) evaluates to m € F. We will also study the corresponding
counting problem #PROG-SAT.

Determining the satisfiability of a program over M is always at least as hard as deter-
mining the satisfiability of equations over the same monoid.



Lemma 2. For any finite monoid M, EQN-SATy; <p PROG-SAT);.

Proof. Suppose the equation has t variables. The equation ¢o X, ¢1 ... X;, ¢, = m can be sat-
isfied iff the following M-program over ¢-| M| variables can be satisfied: we replace every con-
stant ¢; by the instruction (1, ¢;, ¢;) and each occurrence of the variable X; by a sequence of
| M| instructions querying variables Yy, , ..., Y},
where m; ...m are the elements of M. Note that for any m € M, there is an assignment
of the Y;’s such that this sequence of |M| instructions evaluates to m.

As we will see, the converse of this fact is not true and we will highlight the differences
in the complexity of these two similar problems.
Note that throughout these notes, we (shamelessly) assume that P # NP.

3 Groups

It was shown by Goldmann and Russell in [4] that EQN-SAT; is NP-complete for any non-
solvable group G. They also proved that both EQN-SAT and PROG-SAT can be solved in
polynomial time for a nilpotent group. Using Lemma 2, we thus know that PROG-SAT; is
also NP-complete for non-solvable groups. It is much easier, however, to prove this directly
using well known properties of programs over these groups.

Theorem 1. For any non-solvable group G, we have PROG-SAT¢q is NP-complete and
#PROG-SATg is #P-complete.

This follows from the fact [1,10] that given a boolean formula (X3, Xs,...X,,), we
can, for any non-solvable G build an n-input program ¢(X;, Xo,...X,) whose length is
polynomially related to the length of ¢ and such that ¢(b1,bs,...b,) = 1 iff the truth
assignment (b, by, ...b,) satisfies 1. We can thus transform SAT and #SAT to PROG-
SATs and #PROG-SAT respectively.

The complexity of both EQN-SAT and PROG-SAT for solvable non-nilpotent groups is
closely tied to whether or not there exist programs over these groups computing the AND
in sub-exponential length. We will say that a finite group G is AND-strong if there exists
a family of polynomial length programs over G computing AND. We will say that G is
AND-weak if programs over G computing the AND of ¢ variables require length 22(1).

As we have mentioned, all non-solvable groups are provably AND-strong, but the only
groups known to be AND-weak are groups which divide the wreath product of a p-group by
an abelian group. In particular, these include S3 and A4. It has been conjectured, however,
that all solvable groups are AND-weak or, equivalently, that CCP circuits require exponential
size to compute AND (see [2] for a detailed discussion).

Theorem 2. If G is AND-weak then PROG-SATg is solvable in quasi-polynomial time.

Proof. We claim that if a program in s variables over G can be satisfied, then it can be
satisfied by an assignment of weight logarithmic in the length of the program. Suppose not.
We define the weight |z|; of z € {0,1}* as the number of 1’s in z. Let w be a minimal
weight satisfying assignment, with |w|; = k. Assume W.L.O.G. that the first k£ bits of
w are 1. By fixing Xgy1,...,Xs to 0, we obtain a program over G which is computing
the AND of k bits because w was assumed to have minimal weight. Since G is AND-
weak, we must have n > 22 so k < O(logn). It is thus sufficient to consider only the
O((O(lgg n))) = O(n°U°8 1) assignments of weight at most k, so we have a quasi-polynomial
time algorithm.

of the form (Y}l:l:ml)(y}za 1:m2) T (Yj\M\ ; lam\M\)



Similarly, PROG-SAT can be shown [4] to be in P for a nilpotent group G by using the
fact [2,6] that a satisfiable program over a nilpotent group can be satisfied by an assignment
of weight bounded by a constant independent of the program’s length.

Since we do not know that all solvable groups are AND-weak, we would like to give results
on the complexity of EQN-SAT and PROG-SAT for solvable groups which are unrelated
to their computational power. However, the following theorem shows how closely tied these
two questions really are.

Theorem 3. If G is AND-strong, then PROG-SAT is NP-complete for the wreath product
G o Zy, for any cyclic group Zy of order k > 4.

Proof. We want to build a reduction from 3-SAT. Define the function fy, 4, : Zr = G as

_Jgo ifz=0
ng:gl(x)_{gl it 2 £ 0

Also, denote by id the function such that id(xz) = 1g for all € Z;. Counsider now the
following 3-input program over G o Zj,

(;5 = (17 (Zd 0)7 (Zd: 1)) (2: (Zd7 0): (Zd7 1)) (37 (Zd: 0)7 (Zd: 1)) (17 (fg(]:gl ’ 0)7 (fgmguo))
(1, (id,0), (id, —1)) (2, (id, 0), (id, —1)) (3, (id, 0), (id, —1))

First note that the Z; component of ¢’s output will always be 0. Note also that the middle
instruction’s output is independent of the value of the bit queried. It is also the only in-
struction affecting the G”#* component of the output. This component is a function f such
that f(0) = g1 if one of the input bits is on and f(0) = g otherwise. To see this note that
when we execute the middle instruction, the product in Zj so far is not equal to zero iff one
of the instructions yielded a +1. Thus, ¢ is recognizing the OR of these three variables.

Suppose that there are m clauses in the 3-SAT instance. By assumption there is a G-
program of length m*¢ that computes the AND of m variables. If we replace every instruction

(7,90, 91) by a program over G o Z;, as above, we obtain a program of length 7-m¢® which is
satisfiable iff the 3-SAT instance is satisfiable.

The wreath product of a solvable group by an abelian group is also solvable and, as we can
see from the proof of Theorem 2, super-polynomial lower bounds on the length of programs
recognizing the AND over a group G translate into sub-exponential upper bounds on the
time complexity of PROG-SAT. Thus, assuming that no sub-exponential time algorithm
can solve an NP-hard problem, there exists an AND-strong solvable group iff there exists a
solvable group for which PROG-SAT is NP-complete.

We have seen that #PROG-SAT is #P-complete for non-solvable groups. In contrast,
that problem is not #P-complete under polynomial time transformations for any nilpotent
group. Indeed, a program over a nilpotent group is either unsatisfiable or is satisfied by a
constant fraction of the inputs [6]. This immediately disqualifies it as a #P-complete problem
since most problems in #P fail to have this property. Similarly, a polynomial length program
over an AND-weak group can not, by definition, have only a single satisfying assignment.
#PROG-SAT is thus not #P-complete for these groups either.

For an abelian group A, counting the number of satisfying assignments to a program is
in #L. The #L machine only has to guess the assignment one bit at a time. Then, scanning
through the program ¢ it can calculate the effect of this choice on the output of ¢ using
commutativity. Similar ideas do not seem to yield good algorithms for #PROG-SAT for
solvable or even nilpotent groups in general. We thus know for groups:



| [EQN-SAT[PROG-SAT] #PROG-SAT

Nilpotent in P in P #L for abelian, not #P-complete
AND-weak groups|in Quasi-P|in Quasi-P not #P-complete
Non-Solvable NPC NPC #P-complete

4 Aperiodic monoids

In the case of groups, we have no evidence of any significant difference between the com-
plexity of solving equations versus that of satisfying programs. The situation is remarkably
different in the case of aperiodic monoids. In this section, we characterize the subclass of
aperiodics for which PROG-SAT can be solved in polynomial time but show that there
are aperiodics for which PROG-SAT is NP-complete but EQN-SAT belongs to P. We are
also able to make explicit the link between the algebraic properties of an aperiodic and the
complexity of the corresponding #PROG-SAT problem.

Theorem 4. For any monoid M in the variety DA, PROG-SAT); is in P.

Proof. As we mentioned, for any monoid M in DA, the sets {w : evaly(w) = m € F
for some F' C M} can always be expressed as the disjoint union of languages of the form
Ajar AT ... apAj, where a; € M, A; C M.

Hence it is sufficient to consider the at most (,lc) k-tuples of instructions of the program
of length [ that could be held responsible for the presence of the subword ajas .. .ay. For
each of them, we need to check if there is an assignment such that the output of the program
belongs to Ajai A} ... ar A} and that can clearly be done in linear time.

Theorem 5. For any monoid M in the variety DA, #PROG-SAT); is in #L.

Proof. The idea is similar. The #L machine will guess which k-tuple of instructions yield
the bookmarks ay, ... ,ak. It then non-deterministically guesses the value of each of the n
variables and checks that this never makes an instruction sitting between a; and a;4; output
an element outside A4;. Only (k+1) indices are kept in memory throughout the computation.

Let us look now at the two minimal examples of aperiodic monoids that do not belong
to DA.

Theorem 6. EQN-SAT for BAy is NP-complete.

Proof. We use a reduction from EXACTLY-ONE-IN-3 SAT. Each variable v; in the 3-SAT
instance is represented by two variables v;r and v;” representing v; and its complement in the
equation. We build the following equation with target ab. First, we concatenate, for each i
the segments abv; v; bv; v b and for each clause e.g. (v;, 7}, vj,) We concatenate abv?’v;vz‘b.

It is easy to see that the first half of the equation forces us to choose one of v?’,v;
as 1 and the other as a. If we now interpret a as TRUE and 1 as FALSE, the equation is
satisfiable iff we can choose assignments to the v; such that in every segment e.g. abv?‘v;v,’!’b
exactly one of the variables is set to a.

Actually, it should be clear that a similar proof will provide the same result for a larger
class of aperiodics outside DA. The only properties of BA; that we are using are:

— a, b generate the same two-sided ideal 7 and this ideal is maximal.



— If bab generates the two-sided ideal J then z = a.
— If zy = yx = a then either z =1 or y =1

Although these conditions do not seem to be natural, let us simply mention that they are
true of almost all inverse aperiodic monoids outside of DA'. (A monoid M is said to be
inverse if for all m € M, there is an x € M such that mzm = m and xmzx = z.)

At this point, one might be tempted to conjecture that EQN-SAT is NP-complete for
any aperiodic outside of DA, but this is not the case:

Theorem 7. EQN-SAT for U can be decided in polynomial time.

Proof. To show this we will use the fact that, in U, axa = a whenever x # 0. Intuitively, we
use the fact that a’s are our friends. In particular, we have that if zyz = a then zaz = a.

We will show that for any target, if the equation is satisfiable then it can be satisfied by an
assignment with a very precise structure. We are given the expression £ : ¢ X, c1... X5 ¢n
and a target m.

If m = 0, the equation is trivially satisfiable by setting any variable to 0, and if m =1,
it is satisfiable, by setting all the variables to 1, iff all the ¢;’s are 1. Since the equation is 0
if any of the ¢; is 0, we will assume that the constants are non-zero.

If m = a, then F is satisfiable iff it is satisfied when all the variables are set to a, namely
when we have both ¢y € {1,a,ab} and ¢, € {1,a,ba}.

If m = ba, and E can be satisfied, then it can be satisfied by one of the O(n) assignments
of the following form: all the variables occurring before some point j in the equation (which
might be a constant or a variable) are set to 1, the variable at point j is set to ba and the
other variables are set to a. To see this, consider any satisfying assignment to E. If the first
b in the induced string comes from a constant, then all the variables that were occurring
before it must have been set to 1. Moreover, all we have to insure now is that there are no
consecutive b’s in the suffix. So we can set all the variables that haven’t yet occurred to a
without affecting the target. If the first b occurs in a variable, the same reasoning shows that
we can set this variable to ba and the variables not yet considered to a. It is thus sufficient
to check a linear number of possible assignments to decide satisfiability.

The case m = ab is handled in a similar, symmetrical way.

Finally if m = b, it suffices to consider the following O(n?) assignments: variables occur-
ring before some j or after some k are set to the identity, the variable at point j is set to ba
or b, the one at point k to ab or b, and all remaining variables are set to a. Again, if we now
consider any satisfying assignment and call j and k the first and last occurrence of b in the
induced word over M*, then we know that all variables occurring before j or after k were
set to 1. The variable or constant at point 7 must be a b or ba, the one at point k£ being b
or ab and we still have a satisfying assignment if we set the rest of the variables to a.

The example of U also proves that the complexity of EQN-SAT and PROG-SAT can be
radically different since we also have:

Theorem 8. PROG-SATy is NP-complete and #PROG-SATy is #P-complete.

Proof. The program ¢; = (X;,,b,ba)(Xi,,1,a)(Xs,, 1,a) ... (X, ,ba,a) (over U) outputs ba
if one of the X;;’s is set to 1 and 0 otherwise. By concatenating such ¢;’s we get a program

! The monoid aficionados will note that this is true for an aperiodic having a non-trivial J-class
just below the identity with a single idempotent in each R-class.



whose output is ba if all ¢;’s have one of their input variables set to 1 and 0 otherwise. So
we can simulate a CNF formula and obtain a reduction from SAT.
It is clear that this reduction is parsimonious, hence the #P-completeness result.

From Theorem 6, we know that PROG-SAT g 4, is also NP-complete. It is clear that one
can get a parsimonious reduction from EXACTLY-ONE-IN-3 SAT to PROG-SAT g 4, using
an idea similar to that of the previous proof. #PROG-SAT g 4, is thus also #P-complete.

We can summarize the situation for aperiodic monoids in the following table:

| [EQN-SAT[PROG-SAT[#PROG-SAT]

DA in P in P #L
BA, NPC NPC #P-complete
U P NPC #P-complete
Outside DA ? NPC #P-complete

In this table, the claims about the complexity of PROG-SAT and #PROG-SAT for any
aperiodic outside DA follow from the complexity of these problems for BA; and U, as we
shall see in the next section. Note also that the question mark should be interpreted as “it
seems that no natural algebraic condition captures the answer” more than “we have no idea
what happens here”.

5 Closure properties and EQN-SAT vs PROG-SAT

One would expect that when EQN-SAT (or PROG-SAT) is easy to solve for monoid M, N,
the problem is also easy for submonoids and homomorphic images of M or IV as well as for
M x N. However, the previous section provides us with a counterexample to this intuition:
EQN-SATy«y is in P but BA, is a submonoid of U x U with EQN-SAT g4, NP-complete.

In a perfect world, the classes of monoids for which EQN-SAT and PROG-SAT belong
to P would form varieties. Although this is not the case, at least for equations, these classes
do have interesting closure properties which further highlight the slight difference in the
nature of the two problems.

Theorem 9. The class Mg = {M : EQN-SAT,; € P} is closed under factors (homomor-
phic images) and direct products.

In contrast, the class Mp = {M : PROG-SATy € P} is closed under factors (homo-
morphic images) and formation of submonoids.

Proof. Mg is closed under finite direct products since an equation over the product M x N
can simply be regarded as a pair of independent equations for which satisfiability can be
checked individually.

For closure under factors, suppose we are given an equation E over the factor N of
monoid M. We can build an equation E' over M by replacing each constant by an arbitrary
pre-image. If for any pre-image of the target we can find an assignment over M satisfying F’
then we can map this to a satisfying assignment over N for E. Moreover, if E is satisfiable,
then E' must be satisfiable for some pre-image of our original target and there are only
finitely many pre-images to try.

Mp is also closed under factors using a similar argument. We simply have to choose
representatives for the pre-images of any element of the smaller monoid. Then the program



over the larger monoid can be satisfied for at least one pre-image of the original target iff
the original program was satisfiable.

Finally, M p is closed under submonoids in a trivial way. Note that instructions of an in-
stance of PROG-SAT over the submonoid produce, by definition, elements of the submonoid.
The target of this instance is also in the submonoid. So if we can decide satisfiability over
the larger monoid, we can naturally use this to decide satisfiability over the submonoid as
well.

This theorem actually justifies our claim of the previous section that PROG-SAT is NP-
complete for all aperiodics outside of DA. Indeed, PROG-SAT is NP-complete for both B A,
and U and any aperiodic outside DA has one of them as a divisor. Since the intersection
of M p with aperiodic monoids is exactly DA, a variety, it is closed under direct products.
However, we do not know how to prove this fact directly. The situation can be summarized
by the following table:

| Closed under ||Direct products|Fact0rs|Subm0n0ids|

Mg YES YES NO
MgnN aperiodics YES YES NO
MEgN groups YES YES ?

Mp ? YES YES
M pN aperiodics YES YES YES
M pnN groups ? YES YES

There are a few additional comments to make here. Intuitively, Mg is not closed under
submonoids because we have no mechanism to guarantee that the variables are only assigned
values in the submonoid. The proofs in [4] used the notion of “inducible” subgroups, i.e.
subgroups for which such a mechanism does exist. Our results seem to show that this is a
necessary evil.

On the other hand, PROG-SAT is easy for submonoids but could be hard for direct
products. We can certainly view a program over M x N as a pair of programs on M and
N respectively which are both satisfiable if the original program is, but, conversely, there
is no obvious way to check whether the sets of satisfying assignments for each of them are
disjoint or not. Thus, polynomial time algorithms for PROG-SAT, and PROG-SATy do
not seem to help us get an algorithm for PROG-SAT s« n, however we have the following
partial result:

Theorem 10. Suppose N is such that PROG-SATN is in P, then for any M € DA |
PROG-SATy« N is also in P.

Proof. Let us first look only at the M-component of the program. As in the proof of Theorem
4, we can consider each of the polynomially many k-tuples of instructions that can give
rise to the bookmarks ay,as,...ay. For any variable X;, we can now check if setting it to
0 or 1 causes some instructions to throw us out of the unambiguous concatenation L =
Afai AT .. apAj. This will force an assignment on some of the variables (or even prove that
the target is unreachable given this k-tuple) and leave others free. Given these restrictions, we
now look at the program over N obtained after applying these restrictions. By assumption,
satisfiability for this program can be checked in P.

The respective closure properties of Mg and M p indicate that beyond their apparent
similarities, EQN-SAT and PROG-SAT present different computational challenges.



6 Conclusion

We have shown how the algebraic properties of finite monoids can influence the complexity
of solving equations and satisfying programs over them. A few interesting questions still have
to be answered. First, although fully resolving the question of the complexity of PROG-SAT
for solvable, non-nilpotent groups seems out of reach for now, it might still be the case that
we can use known lower bounds for AND-weak groups to obtain polynomial time algorithms.
We conjecture, however that it is not the case but it would be interesting to find convincing
evidence to support this.

It is possible that finding good upper bounds for #PROG-SAT for solvable and nilpotent
groups could help in that respect. Because we have to count the number of solutions, we
would probably need to move away from the brute force approach used in our algorithms.

Finally, let us mention that the proof of Theorem 4 has a curious consequence. Since our
proof does not use the unambiguity of the concatenation L = Aja, A7 ...a A}, we know
that PROG-SAT will lie in P for all aperiodics M such that for all F C M we have that
{w € M* : evalp(w) = m € F} can be expressed as the disjoint union of languages of
the form L = Aja; Ajas...arA; (with the unambiguity requirement removed). However,
we know that for any monoid outside DA the problem is NP-complete so these aperiodics
must all be in DA. This of course relies on the assumption that P # N P but probably has
a purely algebraic proof.

We would like to thank Mikael Goldmann and Alex Russell for helpful discussions.
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