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Explanations of societal polarization often rely on one of three mechanisms: homophily, bounded confidence,
and community-based interactions. Opinion dynamics models based on these mechanisms consider the lack
of interactions as the main cause of polarization. Given the increasing connectivity in modern society, this
explanation of polarization may be insufficient. To understand how society becomes more polarized as its
connectedness increases, we propose a voter-type model (called I-voter) that incorporates involvement as a
key mechanism in opinion formation and study its dependence on the network connectivity. We describe the
steady-state behavior of the model analytically, at the mean-field and the moment-hierarchy levels, and stress the
generality of our findings by considering various extensions and different network topologies.
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I. INTRODUCTION

Polarization is a complex social phenomenon with likely
multiple causes. While its study traces back to the 19th cen-
tury [1], the field has grown rapidly over the past 30 years,
driven by the availability of large-scale (social media) data
and theoretical developments [2]. In particular, substantial
progress has been made by numerous mathematical works
that have rigorously established the emergence of polariza-
tion in coevolving social networks [3-5]. While not the only
mechanism (see Ref. [6] for a review of various explanations
[7]1), many models emphasize the pivotal role of limited inter-
actions, isolation, and, generally, low connectivity in driving
polarization.

For instance, in classical consensus models, such as De-
Groot’s model [17], Abelson’s model [18], and the voter
model [19], polarization arises when subgroups become dis-
connected, preventing the formation of a unified consensus
[20]. Also the model of Axelrod [21-23] predicts that, due
to homophily, small societies fragment into cultural groups
at a critical number of alternative traits per feature. In this
latter model, individuals are more likely to interact with “sim-
ilar” neighbors than with dissimilar ones, and they become
more similar after every interaction. Other models show how
fragmentation results from the presence of “boundedly confi-
dent” agents [24-26] who only interact with those not farther
away than a given distance in opinion space. In threshold-type
models, agents only adopt a view once the fraction of neigh-
bors supporting the same view exceeds their own threshold
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drawn from a predefined distribution of adoption thresholds
[27-29]. Polarization can also emerge from rearrangements of
social ties in coevolving networks to form sparsely connected
[30-33] or even antagonistic clusters of individuals [34-37].

In most of these models (apart from Ref. [38], which shows
that, depending on the response rule, increasing out-group
contacts may either leave polarization unchanged or even
strengthen it), polarization typically arises from a lack of
connectivity among agents holding opposing or distant opin-
ions. However, in many respects, connectivity has increased
in modern societies. Urbanization, globalization, international
mobility, the rise of social media platforms, and cross-cultural
marriages [39,40] have all contributed to humans being
far more interconnected today than a century ago. One of
the many consequences of this increasing connectivity is an
increase in polarization, as suggested by Refs. [36,41].

In this paper, we explore an alternative explanation for
polarization in increasingly interconnected societies, empha-
sizing the pivotal role of involvement in the process of opinion
formation. The role of involvement (defined as sustained
attention) has been extensively studied in psychology [42].
It can be measured using self-report questionnaires [43],
behavioral indices, and psychophysiological measures [44].
Involvement has been used to explain why attitudes and opin-
ions sometimes behave like dimensions and sometimes act
as categories [45]. In network models of attitudes [46], in-
volvement plays a similar role. Hoffstadt et al. [47] show
in several datasets that involvement increases polarization.
Central aspects of involvement in opinion or attitude forma-
tion include the following: low-involvement attitudes are more
situationally influenced and less stable [48]; when people feel
highly involved, their attitudes are less sensitive to persuasion

©2026 American Physical Society
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[49]; and involvement weakens over time when not reinforced
[50] but sharply increases due to interactions.

Building on these psychological models and empirical
findings, we propose incorporating involvement into models
of polarization. An earlier model developed along this line—
the hierarchical Ising opinion model (HIOM) [51]—yielded
several unexpected results, suggesting that polarization can
emerge in highly connected networks even when all agents,
on average, receive the same information from their social mi-
lieux. This finding of the HIOM, however, were based solely
on simulations and possibly confounded by other factors. In
this paper, to study the principal effect of involvement on
polarization analytically, we develop an analytically tractable
model whose relation to HIOM and other models is discussed
in Appendix A.

We formulate our model based on generalizing the well-
studied constrained three-state voter model [52,53]. In Ref.
[52], agents can be in one of three states—Ileftist, centrist,
and rightist—and can only switch to neighboring states (e.g.,
leftist to centrist or rightist to centrist) but not directly between
the extremes (e.g., leftist to rightist) [54]. Here we generalize
this model by assuming that extreme agents (either leftists or
rightists), (a) when in isolation, can turn into neutral ones with
a nonvanishing rate and, (b) when engaging in discussion with
neutral agents, are less susceptible to the argument of the latter
and are more likely to persuade the latter to become extreme.
The resulting model is what we refer to as the I-voter model.
In comparison with the constrained three-state voter model,
the decaying effect of involvement (that always results in a
nonzero fraction of centrists) makes the I-voter different from
the latter model whose outcome can be either consensus or
polarization with a frozen mixture of leftists and rightists but
without any centrists. Such a polarized configuration is no
longer an absorbing state in the I-voter model. The I-voter can
thus be viewed as a "minimal” extension of the constrained
three-state voter model that retains neutral opinions at station-
arity without invoking any mechanisms hindering consensus
like other variants of the voter model (VM), such as individ-
ual stubbornness, partisanship, nonlinear update, zealots, or
individual and social heterogeneity [55-64].

In the present paper, we formulate an analytical framework
for a general network topology that allows for a mean-field
treatment of the model’s behavior and then demonstrate the
validity of our approach on different network topologies. We
will show that on sparse networks, the I-voter model yields
increased polarization with a growing number of interaction
partners. We first describe and present results regarding the
baseline model of three states and then provide a generaliza-
tion to the case of an arbitrary, but odd, number of states.

II. THE MODEL

In the model, N agents, each residing at a node in a so-
cial network, hold an opinion x; € {—1, 0, 1} that stands for
“leftist,” “centrist,” and “rightist,” respectively. When a leftist
(rightist) and a centrist are in contact, the latter becomes left
(right) with probability (per unit time) p, while an extremist
turns centrist with probability 1 — p. The probability p repre-
sents combined effects of interactions leading to persuasion,
while 1 — p represents reading or hearing other opinions that

3-state
p p
L =—C--» L — L R = C -=-» R — R
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€ €
L)-»lC R =+ C

FIG. 1. Illustration of the three-state I-voter dynamics. Circles
with the labels C, L, and R denote the centrists, leftists, and
rightists, respectively. Lines indicate the interactions between two
connected agents, while dashed arrows depict how the highlighted
agent changes their opinion upon interaction. The updates that are
independent of the agent interactions include the decay of leftist
(rightist) to centrist. The parameters p, 1 — p, and € are the respective
rates of opinion updates.

will make someone’s opinion more neutral. As centrists are
expected to be more easily influenced, their transition rate is
necessarily larger than that of extremists, i.e., p > 1 — p. We
thus only consider the case of p > 0.5. Furthermore, involve-
ment (essentially attention) is a limited resource, meaning
extremists may lose interest in the discussed issue and grad-
ually become centrists, or there could be individual-specific
effects, such as memory or disturbances (forgetting), or in-
terference with other memories [65,66]. Thus the extremist,
either left or right, can decay toward the center with proba-
bility (per unit time) €. While real-world agents are always
subjected to stimulation, especially on topics that tend to
polarize, allowing involvement to decay results in a nontrivial
opinion formation process that is not purely driven by transi-
tions toward more extreme opinions. Figure 1 illustrates the
dynamics of our I-voter model.

To implement the opinion formation process, we employ
asynchronous updating, in which each agent is assigned its
own independent Poisson clock, all with the same unit rate.
If the agent is in state 0, then when its Poisson clock rings
it changes its state from O to 1(—1) with probability p if the
state of a randomly selected neighbor is right (left); otherwise,
it remains unchanged. Similarly, if the agent is in the state 1
(—1), it changes its state to 0 with probability €, regardless of
its neighbor’s state, and with probability 1 — p if the state of a
randomly selected neighbor is center. We simulate this model
by the Gillespie algorithm [67] with implementation provided
in Ref. [68].

III. RESULTS
A. The steady-state fraction of centrists

Let p4, p—, and py denote the densities of rightists, leftists,
and centrists, respectively. In Appendix B, we show that, for a
fully connected network and in the limit of infinite system size
N — oo,ifa :=2p — € — 1 > 0, then the population reaches
a steady state where the fraction pg of centrists is given by

€
2p—1°

ey

Py =
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FIG. 2. The density of opinions as function of time. The mean-
field (MF) prediction pj is depicted by the dashed red line. Stochastic
trajectories are generated by the Gillespie algorithm for N = 100,
and then averaged over 100 independent runs on an all-to-all net-
work for € = 0.1 and p = 0.7. The fraction of centrists converges
to p; = €/(2p — 1) = 0.25. The fractions of centrists, rightists, and
leftists are denoted by po, p;+, and p_ respectively. The shaded
gray area depicts the standard deviation derived from the mean-field
approximation of the full dynamics as given in Eq. (2).

We stress that a full parameter scanning over all combinations
of p and € will result in two phases, o5 =€/(2p — 1) for
a > 0and pj =1 (i.e., a society consisting of only centrists)
for a < 0. Since we are not interested in the latter phase with-
out any extremists, throughout the paper, we only consider
the case of a > 0, representing the case that the probability to
move to the center is much smaller than the probability to be-
come more extreme. Next, for a system of finite size N, where
finite-size fluctuations need to be taken into account, we first
represent the model as a chemical reaction network and then
use a continuous-time Markov Chain to describe the evolution
of the distribution of different opinions considered as chem-
ical species. Our approximation is based on a truncation of
the moment hierarchy associated with this distribution up to
the second order. This yields p5 = (po)+, where (-), denotes
averaging taken by the stationary distribution and with slight
abuse of notation, and py denotes the fraction of centrists in
a single realization of the model dynamics. Using the same
approximation scheme in Appendix C, we also obtain the
variance of py in the steady state:

Var(po) = [pd), — ()2 = s (@)
O *T22p— 1N’
This shows how fluctuations due to finite size alter the mean-
field prediction. In particular, either a high decay rate toward
the neutral state or a low persuasion results in increased
variance.

Figure 2 demonstrates typical random trajectories of the
I-voter model. Here, in agreement with the mean-field predic-
tion, we find (o), = 0.25 for (p, €) = (0.7,0.1). Note that
because of the symmetry in the dynamical laws for leftists and
rightists, we always obtain a statistical equality between the
fraction of leftists and that of rightists if started from an unbi-
ased initial condition with the same number. This is observed
in Fig. 2 for p; and p_. In addition, we also verify Eq. (2),

where fluctuations are observed to be within the shaded area
bounded by two bands (o). = std(pp), i.e., within one stan-
dard deviation of the mean-field solution [Eq. (1)].

B. The role of network connectivity

In a social network G with adjacency matrix A;; € {0, 1},
two agents i and j are connected if A;; = 1, and they do not
interact if A;; = 0. Let V denote the set of nodes in G. For
every node i € V, we consider its local neighborhood 9; :=
{j € V:A;; =1} consisting of its nearest neighbors only. A
node i’s degree then is given by the number of its neigh-
bors, k; ;==Y jed A;j. The level of connectedness in society
is quantified by the average number of connections per node:
k =N7'Y" ki To study the effect of network connectivity
on the opinion distribution, we consider N agents; each has a
probability of flipping its opinion depending on the states of
its nearest neighbors in G.

Let P(x, t) denote the joint distribution to observe a config-
uration X := (x1, X, ..., Xy) at time t. Appendix D provides
details of how this distribution evolves according to a master
equation [Eq. (D7)], whose transition rates W(x'|x) from x
to x’ between ¢ and ¢ + dt are given in Eqs. (D3)—(D6). This
master equation is not solvable in general, so to construct a
mean-field theory for our model, we introduce the averaged
dynamical variable o;(¢), defined as the probability that node
i 18 not a centrist at time ¢,

oi(t) ==Y P(x, )81 + 8y 1]s 3)
{x}

and the probability pi(())(t) that a node i is a centrist at time ¢,

p@6) == E[8y0] = ) P(x,08y0=1-0i(), (4)
{x}

where &, , is Kronecker’s delta and the sum ), is carried
over the entire phase space of 3" configurations. In Ap-
pendix D, we derive from Eq. (D7) the following set of N
approximate mean-field equations for o;, which measure i’s
averaged extremeness:

do; pp” l—p ©)
— = —€oi(t)+ —/— oi(t) — oi(t e
- 0+ =2 ]Za 10— — mgp,

(&)

To quantify the level of polarization, we introduce the
following measure:

2
P=1—ﬁ2pi (r)—(ﬁgui), ©6)
where

i) =Y P, )81 — 8y 1] (7)
{x}

This measure is in line with the idea that polarized societies
typically lack a neutral attitude as common ground for global
consensus and have a high variance of opinions [69]. If the
probability of being centrist for any individual is low (for
instance, a small fraction of respondents who chose the middle
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FIG. 3. (a) The polarization measure P in scale-free graphs with -- k=50 (MF)
the exponent 2.8 and various mean degree x = 50, 60, 80. (b) P : :
in social networks with fixed ¥ = 50 but different topologies. Con- 50 100 150 200
tinuous lines are stochastic trajectories generated by the Gillespie (a) t
algorithm for N = 2000 and then averaged over 100 independent
runs at fixed € = 0.1 and p = 0.7. The initial fractions of leftists and
rightists are equal to 0.05 in all these runs. The dashed line depicts =80
the steady-state value obtained from the MF solutions of Egs. (4) and
(5) with suitable initial conditions. x= 80 (MF)
J— k=60
category in an opinion poll), and it is equally likely to be
either left or right, 7 will have a high value. So for P € [0, 1], T r=60(MR)
‘P = 0 means no polarization and P = 1 indicates the highest — =50
polarization level—this latter case corresponds to a popula-
tion containing, on average, as many rightists as leftists. We -~ #=50 (MF)
remark that P can be considered a discrete version of the
well-established polarization index introduced in Ref. [70]
when the distribution of positive and that of negative opinions (b) t
collapse into § functions centered at 1 and —1, respectively.
Real social networks are often small worlds and struc- 0.9 r _ 1 1
turally heterogeneous with an abundance of well-connected a n=80
nodes (hubs) [71-75]. To capture the effect of such het- 0.8 %= 80 (MF)
erogeneity, in Fig. 3(a) we fix p=0.7 and € =0.1 and
investigate scale-free networks of N = 2000 with the expo- 0.77 J—r=80
nent 2.8 at varying mean degree « generated by the Chung-Lu & - - k=60 (MF)
random graph model [76]. In Fig. 3(b) we next test if the 0.6¢ |
particular network structure has an influence on the results —r=50
by fixing ¥ = 50 and comparing scale-free with small-world 0.5
topology gererated using the Watts-Strogatz parameter r—the 04 ‘ . ‘ = 50 (MF)
probability to reconnect a link from any node to any other 0 50 100 150 200

node in the network [71] (r = 0 corresponds to ring networks,
and r = 1 to Erdds-Rényi graphs). Apart from the speed of
convergence, there is no marked difference in terms of the
steady-state behavior between these different topologies. This
steady state can be decently predicted by our MF approxi-
mation in Eq. (5) as shown by the dashed line in Fig. 3(b).
We note that the mean-field solutions can depend strongly
on the initial conditions. We discuss this point in detail in
Appendix D.

In Fig. 4, we compare our mean-field predictions with
simulations on networks of varying average degrees x and
rewiring probability r. We obtain good agreement for dense
networks (i.e., k = O(N)), but deviations as the network be-
comes sparser. This can already be observed for « = 60.
Overall, both simulations and mean-field predictions show
that as « increases, P increases, indicating that polarization
level rises with increasing connectivity. To check whether
this behavior remains robust with variations in p and e,
provided that a =2p — € — 1 > 0, we compute the phase
diagram of P by means of Gillespie simulation in Fig. 5(a)
and by our MF approximation in Eq. (5) in Fig. 5(b). We

() t

FIG. 4. The polarization measure P for (a) a social network with
a ring topology (r = 0); (b) a Watts-Strogatz small-world network
(r =0.5); and (c) an Erd6s—Rényi random graph (r = 1), where r
is the rewiring probability [71], all with various degrees «. P in-
creases with increasing «, showing polarization level rises up in more
connected social networks. Dashed lines depict the MF prediction
according to Egs. (4) and (5). Continuous lines are stochastic trajec-
tories generated by the Gillespie algorithm for N = 100, and then
averaged over 100 independent runs. The shaded gray area depicts
the standard deviation derived from the mean-field approximation of
the full dynamics as given in Eq. (2). Here ¢ = 0.1, p = 0.7; the
initial fractions of leftists and rightists are equal to 0.45.

propose to use the ratio € /(2p — 1) as an effective parameter
controlling the level of involvement that intuitively decreases
with increasing €/(2p — 1). Polarization is more likely to
occur in a society with highly involved agents: P vanishes as
this ratio increases beyond a critical value, and the faster decay
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FIG. 5. The polarization measure P (coded by color: yellow for
P =1 and dark blue for P = 0) (a) for a social network with a ring
topology and various degrees computed from simulations and (b)
from the MF solution to Egs. (4) and (5). In both panels, P is shown
as a function of x /N, the average degree scaled by the system size
on the y axis, and € /(2p — 1), the effective parameter controlling the
level of involvement on the x axis. We fixed p = 0.7 and increase
€, while keeping €/(2p — 1) € [0, 1]. The level of involvement de-
creases as this ratio increases. Here N = 100 and the initial fractions
of leftists and rightists are equal to 0.45 in Gillespie simulations.

of the individual involvement, the lower P is. Apart from
the special case of € — 0, for a given level of involvement,
a high level of polarization, P 2~ 1, can only be achieved
at sufficiently large degree «. We note that our approxima-
tion qualitatively reproduces the boundary between polarized
and nonpolarized phases, but it becomes more inaccurate
as €/(2p — 1) increases. We remark that our results remain
robust with respect to the inclusion of noise as shown in
Appendix F. Moreover, we show in Appendix G that our key
result of increased polarization with the mean degree is robust
with respect to changing the measure of polarization. Specifi-
cally, when using the measure considered in Ref. [38] we find
a qualitatively similar phase diagram to the one presented in
Fig. 5.

C. n-state model

A natural extension of the three-state I-voter model is
to include two extra states x; = +2 and x; = —2 that we
call the five-state I-voter model. Here (i) decay means that
an agent moves to an opinion state that is one level less
extreme with probability (per unit time) €; (ii) persuasion
can happen only when |x; — x;| = 1 so that (without loss of
generality, we consider |x;| < |x;|) either x; goes one level
more extreme with probability p or x; goes one level less
extreme with probability 1 — p; and (iii) the reinforcement of
extreme opinions can only occur between similar agents fol-
lowing their interaction, so if x; = x; = %1, then both become
one level more extreme with probability y. The parameter
y describes an increased likelihood of moving toward more
extreme opinions when individuals engage in discussion with
like-minded others. This phenomenon is known as group po-
larization [77-81]. For example, in the so-called French jury
study [82], French participants who already had a favorable
attitude toward then-president Charles de Gaulle were asked
to discuss their opinions in small groups. After the group
discussion, their positive opinions became even more positive.
Similarly, participants who disliked American foreign policy

became even more negative about it after discussing it with
like-minded others. Other evidence of this mechanism has
been reported recently in online platforms, such as Reddit
and Gab [83]. Therefore, we note that the implementation
of the y-based mechanism requires a two-body interaction,
whereas that based on € is a one-body effect. As a result, the
effectiveness of the former is determined by the mean number
of connections, «, while the latter is independent of . Adding
pairs of states x; = £3, x; = £4, and so on, while using the
same rules for the five-state model, results in the seven-state
model, nine-state model, and so on. Figure 6(a) illustrates
the five-state I-voter model with x; = —2 denoted by L, and
x; = 2 denoted by R;.

In Fig. 6(b) we observe that while the steady-state fraction
of centrist is invariant with respect to the introduction of y
and two extra states, the underlying dynamics change in com-
parison to the three-state I-voter model as shown in the inset.
Here, p, and p_ both relax to values close to zero (but strictly
positive as long as € > 0), while the densities of R, and L,,
denoted p,; and p,_, respectively, reach significantly higher
values, indicating the emergence of more extreme opinions
under the strong influence of y. In Appendix E we derive the
independence of p; on y within the mean-field description
as well as by truncating at the second order in the moment
hierarchy. Next, we generalize the use of the polarization
measure P proposed in Eq. (6) to the n-state model. To this
end, we modify the expressions for ,oi(o), o;, and u; as follows:

0 0(t) ;== E[8,,0] = 1 — 0i(r) and

oi(1) :="Y P, D]y, || + 8etul}-
{x}

it) = > P )8y — S5l }- ®)
{x}

In Fig. 6(c) we confirm a similar increase of P with increasing
k in this case. Given that the measure P depends on the
joint distribution of all agents across five distinct states, it is
nontrivial to see how an invariant fraction of centrists alone
can lead to the same increase of polarization with the average
degree «. For now, we only remark that at the mean-field
level, p; can be shown to be independent of y for any n-state
I-voter. This suggests our result on polarization is general and
is expected to go well beyond the three-state and five-state
cases.

IV. DISCUSSION

Modern societies are characterized by unprecedented
interconnectedness due to technological advancements, par-
ticularly social media platforms. These platforms facilitate
rapid and widespread dissemination of information and opin-
ions, significantly altering the dynamics of social interactions.
In this context, the level of individual engagement, or involve-
ment, becomes a critical factor in understanding how opinions
are formed and sustained. In this regard, we proposed a way
to understand the rise of opinion polarization in increasingly
connected societies as a consequence of the joint effect of
involvement characterized by (p, €) and the mean degree «.
Here p quantifies the propensity to extremism due to the

054303-5



TUAN MINH PHAM et al.

PHYSICAL REVIEW E 113, 054303 (2026)

5-state

2 14

L — L --»L —I R— R --» R — R
p p

L —L--»L, —L Ry — R --» R, — R,
1-p 1-p

L — L F-»L — L R, — R ~-» R — R
>t B >R

(a) L, >
0.3

0.25

0.2}
< 015

0.1

0.05

(b) !

"0 100 200
() t

FIG. 6. (a) Ilustration of the five-state I-voter dynamics. Cir-
cles with the legend L, and R, denote the state with x; = —2 and
x; = 2, respectively. Lines indicate the interactions between two
connected agents, while dashed arrows depict how the highlighted
agent changes their opinion upon interactions. The updates that are
independent of the agent interactions include the decay of an L,
(R,) agent to leftist (rightist). (b) The fraction of centrists py in
the five-state model in an all-to-all graph for y = 0.05,0.1,0.2, 0.4,
where “MF” denotes the mean-field prediction o5 =€/(2p —1) =
0.25 and is depicted by the dashed red line. Inset: The density of
different opinions for y = 0.2. The fraction of rightists (leftists) and
that of x; = +2 (x; = —2) are denoted by p; (po_) and py (p2-),
respectively. (c¢) The polarization measure P of the five-state model
as defined in Eq. (6) but with (,ol.(o), ;) given in Eq. (8), for varying
degrees « with fixed y = 0.2. In (b) and (c), stochastic trajectories
are generated by the Gillespie algorithm for N = 100, and then
averaged over 100 independent runs for e = 0.1, p = 0.7.

interaction between an extremist and a centrist, while € is the
rate of decay of an extremist toward centrism.

We found that, for fixed values of p and €, denser networks
exhibit higher levels of polarization. This is shown to be the
case in both the three-state and five-state I-voter models but
is expected to hold for n-state dynamics with y > 0 captur-

ing a tendency of extremists to become even more extreme
after discussion with like-minded others. These results are in
qualitative agreement with recent empirical findings [39,40].
A consequence of these findings is that an increase in social
relations, either in person or virtual, may lead to polarization
while a decrease in social relations may lead to depolarization.
For future work, we would investigate intervention strategies
to shift the system between polarized and neutral states. Re-
ducing p and increasing € can decrease polarization. Centrists
should be more resistant to extremist arguments, and involve-
ment of extremisms should diminish more rapidly.

We note the following limitations. While the assumptions
and predictions of our model align with a significant portion of
the empirical literature (see main text for references), it does
not yet offer quantitative predictions. A first step would be
to estimate model parameters from a real dataset [14,84,85].
For the sake of analytical treatment, we have studied only
homogeneous populations of agents with the same parameters
p and €, neglecting possible important effects of heterogeneity
in the model parameters. A natural step then is to consider the
case where each agent is characterized by individual values of
pi and ¢;. In this case, there might exist multiple stable steady
states induced by individual heterogeneity. For this, one would
compute the mean first-passage (convergence) time to reach a
given steady state and the attractor-switching time.

Next, it is worth exploring the effect of antagonistic ties
[86], which have been shown to play an important role in
mitigating ideal polarization within village networks [87]. A
reduction of opinion polarization by incidental similarities,
i.e., shared personal traits between those individuals who hold
different opinions on a political issue, has recently been found
in Ref. [88]. Therefore, it would be interesting to include
demographic and biographical features, such as age, gender,
language, nationality, and personal interests, into our model
and study how these features affect the ideological dimension.
This will facilitate comparisons with the large-scale experi-
ment of Ref. [88] and the Axelrod model’s prediction [21].

Finally, we note that the psychological theory underlying
the I-voter model has been recently extended in Ref. [89],
where a new parameter, caution, which allows for involved
neutral positions, is introduced. This involved neutral stance
opens new depolarization pathways even in highly connected
networks, suggesting that extending the I-voter model to in-
corporate this controlling parameter is a promising direction
for future work.
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APPENDIX A: RELATED MODELS

The hierarchical Ising opinion model (HIOM) [51] is a
complex cascading transition model that captures the interplay
between individual dynamics and polarization across individ-
uals. The HIOM conceptualizes an agent’s individual attitude
as a network of beliefs, feelings, and behaviors toward an is-
sue [46,90]. The alignment of nodes in an individual’s attitude
network depends on involvement. In lowly involved agents
attitudes are weak and inconsistent, while highly involved
agents develop extreme opinions. Changes in information (the
external field) can lead to sudden jumps and hysteresis. In
the HIOM, involvement plays a double role. First, agents
with high involvement initiate more interactions and are more
persuasive than less-involved ones. Second, involvement gen-
erally decays but increases due to interactions. Therefore,
similar to the I-voter model, polarization increases in highly
connected societies. However, due to the complexity of the
setup, an analytical treatment of this effect is not feasible.

The constrained three-state voter model on all-to-all graphs
[52] features a steady state, in which either no neutral opinion
exists or a consensus on only one of the three opinions is
reached. This means that the first kind of steady states of this
model can be considered as the € — 0T limit of the I-voter
dynamics which also relaxes to a stationary mixture of leftists
and rightists, but without any centrists. However, due to the
decaying effect of involvement that turns extreme agents to
neutral ones at a rate € > 0, configurations in the I-voter
model always include some fraction of centrists, making it
different from the constrained three-state voter model even in
the mean-field limit. Another variant of the constrained voter
model [91] features a “multi-opinion” phase in the mean-field
limit similar to ours, but this phase does not persist in finite
populations due to demographic fluctuations.

APPENDIX B: DERIVATION OF EQ. (1)

The I-voter model with three states is described by a set of
two ordinary differential equations (ODEs) for p_ and p, (as
O+ + p— + po = 1) according to mass-action kinetics:

p+=2p—1pipy—€ps

p-=Q2p—1Dp-_po—€p-. (BD)

By introducingy = p4 + p— anda =2p — 1 — €, we get

2p—1—c¢€

2p—1 (B2)

. y
= l——)’ K =
Y ”( K

This takes the same form as the logistic equation that de-
scribes the growth of a species with density y(f) at a rate
ay and decay ay?/K with the rescaled carrying capacity in
a given neighborhood K < 1. When a > 0, the stable fixed
point of the above dynamics is y, = K. Since we are only in-
terested in physical solutions with positive value, we consider
only those pairs of (p, €) that satisfy 2p — 1 > €. From the
conservation law p; 4y, = 1, we obtain

€
2p—1°

Py =

APPENDIX C: DERIVATION OF EQ. (2)

We remark that by mapping the dynamical rules of I-voter
updates onto a chemical reaction network scheme with three
chemical species L (leftist), R (rightist), and C (centrist),
Egs. (B1) can be derived as the N — oo limit of the under-
lying master equation describing the evolution of the reactant
concentrations. The set of reactions for the model reads

C+L S L4L
L+c B cyc
L5 c

C+R-Y R+R
R+C - cqc

R (C1)

where ky = ks = p, kn = ks =1 — p, and k3 = k¢ = €. Our
chemical reaction network formulation of the opinion dy-
namics is inspired by Ref. [92] and similar in spirit to Ref.
[93]. We start by writing the quasi-Hamiltonian H (i.e., the
infinitesimal-time generator) for the master equation 9,P =
H'P, where for a discrete probability distribution wy(?) :=
w(ng(t), ng(t), nc(¢)) we introduce the associated generating
function P(r,z) = ), wa(t)z} 25' 2, with the shorthand no-
tations n := (nz, ng, nc) and z := (zz, zg, 2c), for ny, ng, and
nc—the number of leftists, rightists, and centrists, respec-
tively. Following Refs. [94,95], this Hamiltonian reads

H =k{l(a})* — ajallarac + [(a}-)* — apallagac)
+ pl(a} Y’ — ajallacac + pl(ay)* — apallagac

+ elal — ajla + elal. — aplag, (C2)

where we have introduced the creation and annihilation oper-
ators for the leftists, az and a;, as well as their counterparts

a; (aZ) and ag (ac) for the rightists (centrists). Now let us
introduce the number operators N, = aZaL, Ng = a;aR, and
Ne = aZaC. Taking the derivatives of the generating func-
tions, we can evaluate the averaged number of leftists as

d

dt
and similarly for the average number of rightists and centrists.
The time derivatives of these averages are then given by

d .
(n) = E(Nﬂjlz:l) (C3)

d
77 = (2p — DinLnc) — €(ny),

d
E(”R) = (2p — 1){ngnc) — €(ng),

i(nc> = —2p — D{(ne + np)nc) + €((ny +ng)). (C4)

dt

This set of unclosed equations is an example of the typical
“moment closure” problem encountered in numerous fields
[96], where we need to know (n;nc) for determining the
evolution, for instance, of (n;). One can easily check that the
second-order moments depend on the third-order moments,
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and so on and so forth. For instance, we have for (n;nc) the
following:

= @p— Dfnn?)

+e{np(ng — 1)) + e(npng) — e(nync).

—(nrnc) — (nnc) — (npngnc)]

dt
(C5)

Since the total number of agents, N = n; + ng + nc, is con-
served in this case the last two terms can be expressed as

= Ne(ng) — e(nine) — 6(”%)
—N{nrnc) + (”M”é) + ("%"C>

Substituting these expressions into Eq. (CS5), rescaling
p— p/N, 1 —p— (1 —p)/N and introducing the densities
o+ =nr/N, p_ = ng/N, and py = nc/N, we arrive at

€(nyng)

—(n ngnc) =

d
Z<p+> = 2p — D{p+po) — €(p+)

d
dt
where [':= —[2¢ + (2p—1)] and A :=22p—1). The
mean-field limit for the evolution of the averaged fraction of

rightists (o) in Eq. (B1) is recovered by assuming statistical
independence of the densities p and pg, resulting in

1
—(pyp0) = T{pypo) + Apyog) + e(l - ﬁ><p+>, (C6)

d
77 ) = @p = D{p1){po) — €(ps),

from which the mean-field fixed point in Eq. (1) with
(pL)« > 0 is obtained:

(C7)

€
2p—1°

This assumption of statistical independence also allows us to

obtain the stationary value of the second moment (pé} from

the second of Egs. (C6). Indeed, (pS) satisfies

{po)s = (C8)

1
26+ Cp= Dl +20p ~ i), +€(1- ) =0

N
Hence,
Var(pg) = 5 [26 +1}—i
200D 2p—1"N| 2p=1y
__ << 1 (C9)
20p— )N

APPENDIX D: DERIVATION OF EQ. (5)

We here show how Eq. (5) can be derived from a mas-
ter equation for P(x, ) that represents the distribution of
chemical species reacting according to the set of reactions in
Egs. (C1). For every node i, we introduce its local fields:

h(o) Z ij 05 h(+) Z(SX L h( ). Z(SX/ L

jeo; jeo; Jjeo;
(DD
th) + h(+)

Thus, if i has k; neighbors, then + hgf) = k;. The

master equation for P(x, ¢) reads

1d
—— P

~ 7 PO 0= Y OWEP(x, 1) - P, 1),

{x}

(D2)

where, as we consider that only one agent can change its
state at any moment in time, the transition rate W(x'|x) from

X=X, X, ..., Xy .., XN) O X 1= (0, X, oL X L XN
is given by
| & N
W) =23 | [T 8 [Fai) 03
i=1 | j=1(0)
with the individual rate matrix F(x}|{x;, Xy,}) = F(x]|x;),
010y ([ (O —=1)
Fllx) =1 o) A 0 ) (D4)
(=110) 0 (=11=1
subject to a normalization constraint
Zf(x ) =Ful)+ Y F@ilk)=1  (D3)
X; x;(#x;)
and specified explicitly as
F(-111)=0, FA|-1)=0,
ek 4 kyh ™
F(0[0)=1— &’
Ki
k (+) k h(*)
F10)= =, F(-110) = ——,
Ki K
ko ko
FO) == te, Fl)=1-—e— -1,
Ki Ki
ksh” ksh\”
FO—1)=—" e, F-ll-D=1-e— 20,
K; Ki
(D6)

where k; = k4 = pand k, = ks = 1 — p. Denoting the vector
of all nodes’ states apart from i as x;, according to Eq. (D3)
we have x\; = x .. Now substituting Eq. (D3) into Eq. (D2),
we obtain the followmg explicit form of the master equation:

N
%P(x’,t):z > IF&)P (R, xi, 1)] = NP(X, 1)

i=1 x;e{—1,0,1}
= Z]—'(x DP (X, 1) + Z > Falx)
i=1 x;€{—1,0,1}
XiFX]
x P(x{;, x;,t) = NP (X', 1)
N
=Y D [F@)P R, xi, 1)
i=1 x;(x))

— Fxixp)P(x', 0)]. (D7)
Multiplying both sides of this equation by [8,; 1 + &,/ —1] and
following Egs. (D6), F(1|x;) #0 and F(— 1}x;) # 0 for
x; =0, and F(x;]1) # 0 and F(x;] — 1) # 0 for x; = 0, and
we
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arrive at
do, i
dt

x,)

3 Z h§+) + hz('_)
= , p —Ki
{x{;}

P(x/\i, 0,1) — |:€ +(1—=p)

— = Z{[}"(IIO) + F(=UHOIP(x;, 0, 1) = [FOIDP(x{;, 1, 1) + F(O] = DP(x{;, =1, 1)1}

0)
:|[P(x/\i, L)+ P(x(, —1,r)]}. (D8)

i
Ki

Equation (D8) is exact but unsolvable. This is because, for example, the first term depends on the correlation between x; and x;,

DI+ BTP G, 0,0 =Y P 1) Y [8e.08 1 + 808 1]-
X} ')

(DY)

J€0;

Assuming statistical independence so that ]P’(X’\l., 0,1) ~ ]P’(X’\i, HP.(x; =0,1),

D I + R TP G, 0,0) > P = 0,0) ) Y [8u1 + 8 1 [P, ) = p0 (1) Y 0(0).

(D10)

I} Ix,) jed; jed;

Similarly, assuming P(X’\i, 1,1) >~ IP’(X/V, P (x; =1,1) and
]P)(X/\i, —1,t) >~ ]P’(x/\i, HP;(x; = —1, 1) leads to

D IP(, 1L + P(x|, =1, 0] = 0i(1),
x()
DHIIPKG L) + P, — Ll = 0i0) ) o).
x,) jed
(D11)
Using all the above expression allows us to arrive at Eq. (5):
o o) + Y o) = —=ai0) Y ).

dt K; K
b ey jed;

(D12)

Note that without assuming statistical independence, the equa-
tion for o;(r) becomes exactly the same as that for (p4 + p_)
in Egs. (C6) in the limit of making all particles indistinguish-
able (for arbitrarily finite N) as 8y, 0 — po, 8x,1 = 0+, and
8y, —1 — p—. As in this case, we would have

do; p
it Ok s Z [(8:.08x,.1) + (84084, -1)]
J€o;
l—p
B [(84.18x,.0) + (84.-185,0)]-  (D13)
tojey

We first show in Fig. 7 that solutions to Eq. (5) strongly
depend on the initial condition. Specifically, we distinguish
between three families of initial conditions. In the first one, all
the nodes have the same initial state, whose value is generated
at random. In the second one, each of the nodes has its own
random initial value. For both cases, we can control the en-
semble average over the population 6(0) = Y. 0;(t = 0)/N
by keeping it at a particular value. In the last family of initial
conditions, we fixed this latter value &(0) for a fraction of
nodes, while varying the fraction of initial centrist nodes.
Results of this mean-field approach indicate that when the
dynamics starts with all nodes having the same values then
the system relaxes quickly to a single steady state. In other
cases, heterogeneity in the initial condition can give rise to
multiple stationary states. It would be interesting to investigate

(

in future work what is the probability to end up in any of these
final steady states when starting from a given initial condition.

APPENDIX E: THE n-STATE I-VOTER MODEL

Let oo, p21, p—, P2, and py denote the densities of voters
whose statesare x; = 1,x; =2, x;, = —1,x; = —2,and x; = 0,
respectively. The five-state model (p, €, y) is given by four
extra ODE:s:

pv = 2p— DIpspo — p+o24 — ¥ p11 + €lpar — p4]
prr = Q2p — Dpppay + v 05 — €2t
p—=@2p—Dlp-po— p-pr-1—yp> + €lpr— — p-]
pr-=Qp—Dp_pr+yp> —e€pr. (E1)
Therefore,
d(p4 + p24)/dt = 2p — Dpypo — €ps,
d(p- + p2-)/dt = 2p—1)p_py — €p_.
The fixed point of the dynamics for py in the five-state model,
po=—=3[2p—Dpo —€l, = psy+p-, (E3)

is the same as in Eq. (1) for p > 1/2 and is independent of
y. For the five-state model with the two additional states 42
and —2, the set of reactions includes the following additional
reactions with k; = kg = y:

(E2)

L2+LL>L2+L2
L+L-2L+L
L5
R2+R£>R2+R2
Ro+R -5 R+R
Ry 2% R
R+R- R+ Ry

L+L -5 1+ 1, (E4)
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all nodes with the same o(0)
0.8

—a(0) =0.8
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0.2
= . Zio,;(())
g = N
0
0 1000 2000
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0:= &y
0
0 1000 2000
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FIG. 7. The averaged extremeness of the population &(z) :=
N~! > ;0i(t) computed from Eq. (5) for various initial conditions.
Here N = 2000, x = 50,¢ = 0.1,and p = 0.7.

The Hamiltonian in this case reads

H =pl(a})* — ajallarac + kl(a})* — ajallacac
+ pll(ah)? — agall + kal(al)* — ajal-l}agac
+p{l(ar,)” — ajaj,] + ka[(a]) — ajaj J}asar,
+pll(ak,)” — ajar,] + kal(@p)® — ajap, J}arar,
+7[(ak)” = @)@ + 7[(a,)’ - (@))(@)
+ e[az — aZ]aL + e[ag — aje]aR
+ e[az — aL]aL2 + e[a; — azz]aRz, (E3)

from which, we can obtain the equations of motion for (n),
(nr,), and (npnc):

d
E(”D = (2p — D(nenc) — (npng,)) + e€((ng,) — (nr))
—2y(n (np — 1)),

Kk =45
0.9 K = 45 (MF)
—K =50
-- Kk =50 (MF)
—kKk = 60
-- Kk =60 (MF)
k=80
k = 80 (MF)
—kKr =99
--k =99 (MF)

0 50 100 150 200

0 0.05 0.1
(b) A

FIG. 8. The polarization measure P in a social network of vary-
ing degrees x with random flipping of a centrist to either leftist or
rightist (a) at rate A = 0.05 and (b) at different 1. Continuous lines
are stochastic trajectories generated from the Gillespie algorithm for
N =100, and then averaging over 100 independent runs. Dashed
lines depict the MF prediction according to Egs. (4) and (5). Here
€ = 0.1 and p = 0.7; the initial fractions of leftists and rightists are
equal to 0.45 in Gillespie simulations.

d
E(:uz) = 2p — D{neny,) — €(nr,) + 2y(n7) — 2y (nr),

d
E(nLnC> =€ ((nLng) + (nenw,)) — (1 + € = 2y)(npne)

+ (2p — D[{neng) — (nungnc) — (npng,nce)]
— @2p+2y — Dininc) + e(np(n, — 1)). (E6)

Following similar calculations to what was used after Eq. (E1)
yields

%(nc) = —Q2p— D{(ne + npinc) + €((ng + ng)).  (E7)
Dividing both sides by N, as well as assuming statistical
independence between n¢, ny, and ng, we arrive at the same
Eq. (E3) for {pp) = (nc)/N. This means that the steady-state
fraction of centrists, (0g)«, is independent of y and equal to
that given in Eq. (C8) if the set of moment equations is closed
at the second order. A similar line of analysis shows that this
also holds for the n-state model in the mean-field limit.

APPENDIX F: THE ROLE OF NOISE

To test the robustness of our results reported in the main
text we introduce a random flip of centrist to either leftist or
rightist with probability (per unit time) A. So A represents the
effect of noise in the system as long as A « €. Differently
from the noisy voter model [97], we exclude the spontaneous
changes from left to right and vice versa. Such noise can arise
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0.99 1
0.9
8
0.6 0.6
zZ 2
Y 04
0.3
0.2
0.03 & 0

0 03 06
€/(2p—1)

FIG. 9. The polarization measure w as defined in Eq. (G1) in a
social network with a ring topology and various degrees computed
from simulations as a function of « /N, the average degree scaled by
the system size on the y axis, and € /(2p — 1), the effective parameter
controlling the level of involvement on the x axis. We fix p = 0.7 and
increase €, while keeping €/(2p — 1) € [0, 1]. The level of involve-
ment decreases as this ratio increases. Here N = 100 and the initial
fraction of leftists and rightists is equal to 0.45 in simulations.

0.91

from many different factors that lead to a random flip of an
individual’s opinion, regardless of the state of its neighbors.
The inclusion of A > 0 also prevents the system from reaching
an absorbing state of all agents being neutral. The individual
rate matrix given in Eqgs. (D6) gets modified as follows:

k) 4 kyh

Ki

F(0]0)=1— 22,

ksh!™
A F(-10)= A (FD)

1 1

F)0) = i

Results for fixed A = 0.05 on networks of N = 100 with
various values of « are presented in Fig. 8(a). Here we con-
firm that our main result for A = 0 (increased polarization
in more connected social networks) is robust with respect to
the inclusion of A > 0. Next, we test the quality of the MF
solution for various A in Fig. 8(b) and find better agreement
with the simulations as A increases. This is expected due to
the underlying assumption of the MF approximation which
embodies statistical independence. For higher values of A, the
correlations between different agents become weaker, thus
justifying the MF assumption. All curves corresponding to
different ¥ merge at high enough A, when the effect of noise
dominates the I-voter dynamics.

APPENDIX G: ANOTHER MEASURE OF POLARIZATION
IN THE THREE-STATE MODEL

In order to confirm the robustness of our result with respect
to the choice of polarization measure, in Fig. 9 we plot the
following measure introduced by Ref. [38]:

1—|p+—p-|< P+ p- )
n= + :
2 p++tpo  p-+po

This alternative measure qualitatively agrees with our mea-
sure P presented in Fig. 5 (with only a minor shift toward
the left of the highly polarized region), confirming that our
result of increased polarization with increasing degree is
robust.
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