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Pushy Random Walk: A Minimal Model for Transport in Deformable Media
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We introduce the pushy random walk, where a walker can push multiple obstacles, thereby penetrating
large distances in environments with finite obstacle density. This process provides a minimal model for
experimentally observed interactions of active particles with dense, deformable media. Using scaling
arguments and numerical simulations, we show that in one dimension the walker carves out an obstacle-
free cavity whose length grows subdiffusively with time. In two dimensions, increasing obstacle density
drives a transition from free diffusion to localized behavior, where the walker is trapped within a cavity
whose radius again grows subdiffusively with time. These results show how tracer-induced rearrangements

qualitatively reshape transport in crowded media.

DOI: 10.1103/7hjs-rx8d

The “ant in a labyrinth” [1] is a colloquial term for a
random walk that moves in a medium with a fixed density
of obstacles. If their density is low, the mean-square
displacement of the walk grows linearly with time, but
with a diminished amplitude as the obstacle density
increases. When the obstacle density is high, the walk is
confined to a finite domain. When the accessible region for
the walk is at the percolation threshold, anomalous behav-
ior arises in which the mean-square displacement grows
sublinearly with time. This unusual behavior sparked
considerable interest in percolation-controlled anomalous
diffusion (see, e.g., Refs. [1-9]).

Models of this genre assume the environment contains
immobile obstacles. Recent experiments by Altshuler et al.
[10] reveal qualitatively new behavior arises when obstacles
can be displaced by collisions with a random walker. As a
first step toward understanding this coupling, Bonomo and
Reuveni [11] and Bonomo et al. [12] introduced the Sokoban
random walk, in which the walk can displace at most single
obstacles. This coupling has a strong dynamical conse-
quence: in one, two, and three dimensions the Sokoban
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walk inevitably becomes trapped after a finite displacement
[11,13,14], with the typical travel distance decreasing as the
obstacle density increases [11,14].

In contrast, in the experiments of Ref. [10], the tracer can
push clusters of obstacles. The effective resistance to tracer
motion increases with cluster size, making larger rearrange-
ments progressively harder to achieve. A basic question
arises: what is the tracer dynamics in such a medium? The
goal of this Letter is to determine some intriguing features
of this dynamics through the pushy random walk model
that we introduce below.

The model—A random walk moves in a medium that
contains unit-mass obstacles at density p. When the walk
hits an obstacle, both the walk and the obstacle may move
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FIG. 1. (a) Illustration of a pushy random walk (circle) in one
dimension. An isolated unit-mass obstacle (square) is pushed one
lattice spacing by the walk at rate 1. When a composite obstacle
of mass 3 is created, it moves with rate 1/3% when hit by a pushy
random walk. (b) A cavity of length L and a crust of thickness
z =4 on one side.
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one lattice spacing a [Fig. 1]. By this pushing, an obstacle
may merge with a more distant one to form a composite
obstacle whose mass is the sum of the two initial masses.
When a random walk hits a composite obstacle of mass M,
the walk and the obstacle move by a distance a with
probability proportional to M~*. For example, in the third
line of Fig. 1, the walk hops to the left with probability % If
the walk attempts to hop to the right, also with probability %
this move is successful with probability (1/3)% so that the
walk and the obstacle move one lattice spacing to the right
with total probability %(1/ 3)* With the complementary
probability %[l —(1/3)%], the walk and the obstacle do
not move.

In this picture, a quantifies the resistance of the medium
to collective rearrangements: when the tracer encounters a
block of mass M, the induced displacement is assumed to
scale on average as M~*. We focus on the case a = 1, but
our results readily generalize to arbitrary a > 0.

One dimension—In one dimension, a pushy random
walk gradually clears out a cavity of length L(¢). On either
side of this cavity a solid “crust” of obstacles of thickness
z forms. We determine its thickness by the criterion that
the initial number of particles in a domain of length
L + 2z equals the number of particles in a solid crust of
thickness 2z [Fig. 1(b)]. This gives (2z+ L)p = 2z, or
z = pL/[2(1 — p)]. If the random walk is adjacent to a crust
of thickness z and attempts to push on it, the crust moves
one lattice spacing a with probability a/z. In the long-time
limit, the average time for the random walk to return to the
crust on either side of the cavity, having started adjacent to
it, is a(L —a)/2D ~aL/2D [15], where the diffusion
coefficient is D = 1/2 for a symmetric nearest-neighbor
random walk with unit jump rate.

The growth of the cavity is therefore accounted for by the
rate equation

AL ax2a(l-p)/pL 4Da(l - p)
At al/2D - pL?

. ()
whose solution gives the subdiffusive growth
L(t) = {L(0 +12Da[(1 - p)/p}}'.  (2)

with L(0) = 1 +2(1 — p)/p, as corroborated in Fig. 2. For
general a, L(f) asymptotically grows as t'/(2+%)  When
a — 0, the random walk has infinite “pushiness” and its
motion reverts to pure diffusion.

Two and higher dimensions—We generalize the pushing
rule in higher dimensions as follows: We treat obstacles as
frictionless blocks. If a particle attempts to push a cluster of
obstacles, only those obstacles that are collinear with the
motion of the walk move by one lattice spacing. In the
illustration of Fig. 3, the probability for this event is
1(1/7)%; the factor § gives the probability that the walk
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FIG. 2. Cavity length versus time for a pushy random walk in
1D for different obstacle densities p. Solid lines give the
theoretical prediction from Eq. (2) and symbols come from
simulations averaged over 10° walk trajectories. The dashed line
shows the asymptotic behavior of 1'/3.

attempts to hop to the right on the square lattice, and the
second factor of (1/7)* gives the probability that the
hopping attempt actually pushes the column of obstacles
by one lattice spacing. This rule should be viewed as a
minimal coarse-grained extension of the one-dimensional
dynamics. A description that includes transverse drag or
shear would require a more detailed microscopic model for
stress transmission and lateral rearrangements of neighbor-
ing obstacles, and is left for future work.

Since a random walk is recurrent in two dimensions [16],
it seems plausible that it will eventually clear out (perhaps
incompletely) a compact cavity that is bounded by an
annular crust of obstacles. Using this picture, we adapt the
argument for one dimension to the two-dimensional case.
We therefore suppose that the walk carves out a roughly
circular cavity of radius R that is surrounded by a solid
annular crust of thickness z (Fig. 4). Applying the same
argument as in one dimension, all particles within a circle
of radius (R + z) comprise a crust of thickness z that
surrounds a cavity of radius R. This criterion gives
ap(R+2)*> = z[(R + z)> — R?], from which the crust
thickness is

—_—

FIG. 3. The result after a random walk in 2D pushes against a
composite obstacle. Only the horizontal row of seven obstacles
moves one lattice spacing.
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FIG. 4. A cavity in two dimensions with a surrounding crust.
The random walk is about to push an obstacle of four contiguous
particles horizontally to the left by one lattice spacing.

z=R[1/\/T=p—1]=A,R. (3)

Crucially, the crust thickness is proportional to the cavity
radius, as in the case of one dimension.

When the walk pushes against a point on the crust whose
thickness is z, a single row of the crust will be displaced
radially by a unit distance with probability a/z. Since there
are 2zR/a possible locations for an obstacle along the
crust, where a is the obstacle radius, the motion of a single
row of obstacles by one lattice spacing corresponds to the
radius of the cavity increasing by a/(2zR/a), on average.

The other ingredient we need to write a rate equation for
the cavity radius is the return time of a random walk that
starts at the cavity boundary and returns to a point on this
boundary. For diffusion, we find this return time by solving
the Poisson equation DV?t = —1, subject to the boundary
conditions #(r =R) =0 and Vi#(r =0) =0 [15]. The
solution is #(r) = (R* — r?)/4D. We use this result to
approximate the return time of a random walk that starts at
the cavity boundary, by taking its radial coordinate to be
r = R — a. The return time to the boundary is asymptoti-
cally aR/2D. The generalization of the rate equation (1) to
two dimensions therefore is

AR (a*/2zR) x (a/AsR) _ a*D )
At aR/2D ~ ARY’

with solution
R(t) = [R(0)* + 4a>Dt/nA,| /4, (5)

For pushiness exponent a # 1, Eq. (5) generalizes to
R(t) ~ 1"/B3+@) Curiously, for infinite pushiness, that is,
a = 0, R(t) does not grow as ¢'/2, but rather as ¢'/3. This
putatively slower than diffusive growth is based on the
assumption that the cavity remains compact throughout its
growth, which cannot be true in the infinite pushy limit.
This inconsistency suggests that a transition must exist
between subdiffusive tracer motion, corresponding to

10*

10°F

10°F

Cavity radius

10'f

100kt
10° 10°

102 10° 10* 10% 10% 107 108
Time

FIG. 5. Cavity radius R(¢) vs time, for the pushy random walk
on the 2D square lattice with different obstacle densities. Here,
R(r) is estimated as the square root of the number of distinct
visited sites. The dashed and solid lines indicate ¢'/* and ¢'/2
asymptotics, respectively. Symbols represent simulation data
based on 2560 walk trajectories.

compact cavity growth, and free diffusion at a critical
obstacle density p.. To check this expectation, Fig. 5 shows
the time dependence of the cavity radius. There is sub-
diffusive ¢'/# growth of the radius for high obstacle density,
p>p. and a t'/? growth law, characteristic of free
diffusion, for p < p,.

The two representative trajectories of the pushy random
walk in Fig. 6 illustrate the change from diffusive explora-
tion for p < p. to subdiffusive confinement within a
compact cavity that is bounded by a solid crust. To under-
stand how such a transition arises, we consider a random
walk within such a cavity and determine the condition for
the cavity to maintain its shape as it grows.

Since the crust grows stochastically, its thickness at any
point along its circumference is a random variable whose
mean value is (n). This average is determined by the
condition that at a fixed angular position, the average
number of obstacles that are stacked radially on a solid
crust equals its thickness z [see Eq. (3)] divided by the
obstacle size:

(n) == =22, (6)

The crust consists of roughly N'=2zR/a independent
locations around its circumference where (n) particles are
stacked, on average. However, the number of particles at
each location is a random variable with a nontrivial
dependence on time and obstacle density. We therefore
do not assume a specific parametric form for the full crust-
thickness distribution, and instead focus on the vacancy
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FIG. 6. Trajectories of the pushy random walk in the diffusive
(top) and subdiffusive (bottom) regimes. The apparently gray
exterior area represents the unperturbed lattice with occupied
sites black and unoccupied sites white. Sites visited by the
random walk are blue. The solid black region in the lower panel is
the crust. Further illustration of the pushy random walk is
provided in Supplemental Material [17].

probability Qq({n)), the probability that a given angular
position on the crust contains no particles. Clearly, Q((n))
must decay with (n). It turns out that this decay is faster
than 1/(n) (see the inset to Fig. 7), an important fact that
we will exploit momentarily.

Since there are N independent points along the crust
circumference, a simple but crude criterion for the crust to
be impenetrable is that the mean number of holes in the
crust is less than 1:

NQy((n)) < L. (7)

In Fig. 7, we show that this criterion indeed demarcates the
diffusion-subdiffusion transition. For obstacle densities
p > p.~0.71, the mean number of holes is close to 1
for early times but eventually decreases, which indicates
that a solid enclosing crust is being formed. In contrast, for
p < p. the mean number of holes in the crust is always
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FIG.7. Main: mean number of holes in the crust versus time for
the pushy random walk on the 2D square lattice. Data are based
on simulations of 8192 trajectories. Inset: the product Qy x (n)
versus (n).

greater than 1. These holes allow the walk to escape the
cavity and diffuse.

From the criterion N'Q((n)) < 1, we can write a formal
expression for the critical density p,.. We first write Eq. (7)

explicitly:
2zR R 1
— — -1 ] <1
s ollr=1)

For the crust to be stable during the entire growth of a
cavity, this inequality must hold for every R. Since Qg(x)
decreases monotonically faster than 1/x, it means that if the
criterion is obeyed for R = a, it will also be obeyed for any
R > a. Setting L = a gives the following expression for the
critical density:

1
S ) Y

where Q(-)~! is the inverse function of Q(-). Because Q,
is unknown, it is necessary to resort to the numerical result
given in Fig. 7 to estimate the critical density.

Parenthetically, we can extend the above argument for
the critical density to arbitrary spatial dimension d. The
criterion for the crust thickness now is p(R + z)¢ =
[(R +z)? — R, which gives z=R[1/(1-p)/?—1]=
A4R. The average number of obstacles stacked at a given
angular position along the crust is (n) = A;R/a, and the
number of independent locations on the crust is N =
Q,_;(R/a)¥"", where Q, is the volume of a unit sphere in d
dimensions. Again under the assumption that crust growth
is a random process, the d-dimensional version of the
stability criterion (8) is
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For large spatial dimensions, the leading factor increases
rapidly with R/a while Q, should have a similar
dependence on its argument as in two dimensions.
Thus the product may violate the above bound. This
would lead to instability of the crust unless the density is
very close to 1.

Conclusion and outlook—To summarize, we introduced
the pushy random walk model to describe the motion of a
mobile tracer particle that moves stochastically in a dense
medium in which obstacles can be displaced due to impacts
by the tracer particle. These impacts can lead to the
formation of contiguous clusters of obstacles that become
progressively harder to push as they grow. More impor-
tantly, these rearrangements of the background medium can
extend over a macroscopic spatial range. The pushy
random walk also extends the Sokoban walk model by
replacing the sharp “single-obstacle” cutoff in the Sokoban
walk with a size-dependent pushing rule that more closely
mirrors the coupling between a tracer and the background
medium that has been observed experimentally [10].

In the Sokoban walk, the ability to move at most single
obstacles ultimately guarantees self-caging: regardless of
the initial density, the walker eventually encounters an
unpushable configuration and becomes trapped. By con-
trast, the pushy random walk allows the tracer to displace
clusters of any size, so that escape from local cages is
possible through large rearrangements of obstacles. This
softened constraint reshapes the familiar percolation sce-
nario: without pushing, the square-lattice percolation
threshold (p, ~ 0.407) separates diffusion for obstacle
densities p < p, from confinement for p > p,. When
pushing can occur, the transition both moves and its
character changes: shifting to a higher density
(p. =~0.71) and replacing confinement by subdiffusive
spreading in the high-density phase, where the tracer is
trapped in a cavity that continues to grow slowly in time.

We showed that the high-density phase is characterized
by a slowly expanding cavity whose radius grows as R(#) ~
1'/83+%) (and R(1) ~ t'/* for @ = 1), and that the transition is
governed by a simple geometric criterion: the surrounding
crust becomes effectively impenetrable when the expected
number of holes along its circumference is less than 1. In
one dimension, by contrast, the pushy random walk always
carves out an obstacle-free cavity whose length grows
subdiffusively with time, L(¢) ~¢'/3> when the pushing
power of the tracer varies inversely with the mass M of the
obstacle (and more generally, as L(7) ~ t'/(>*?), Together,
these results show how tracer-induced rearrangements
qualitatively reshape transport in crowded media.

The situation in dimensions greater than two is not
settled and merits more careful study. In particular, the

d-dimensional criterion derived above should be viewed
only as a formal extrapolation of the -crust-stability
argument, rather than a validated prediction for d > 2.
Detailed simulations will be required to assess whether
the same diffusion-subdiffusion transition holds in higher
dimensions.
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