
T. Antal,  P. Krapivsky,  SR,  M. Mailman,  B. Chakraborty,  q-bio/0703001

Dynamics of Microtubule Growth & Catastrophe

Basic question:
Why do microtubules fluctuate wildly 
under steady conditions?

 U Mass Amherst, March 15, 2007

Main result: 
These large fluctuations & rich dynamics are 
captured by a simple, soluble model.

Outline: 
What is a microtubule?  What does it do?
Microscopic modeling.
Master equation & probabilistic results.
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and push back on the nucleus when their plus ends reach the ends of
the cell22. The pushing from the two ends of the cell centres the 
nucleus. In the yeast Saccharomyces cerevisiae, cells divide by bud-
ding, resulting in a mother and a daughter cell. Prior to division,
microtubules growing from one of the spindle pole bodies enter the
bud where they attach to the cortex. The depolymerization of these

cortex-attached microtubules is thought to reel in the spindle so that
one of the poles is now located in the bud and will be inherited by the
daughter following division23–26 (Fig. 3c).

These examples suggest that microtubules themselves, in the
absence of motors, can move cellular structures around inside cells by
maintaining attachments as they grow or shrink19. In vitro studies
with purified tubulin have confirmed that the end of a microtubule
can act as a molecular machine that converts chemical energy into
mechanical work, just like a motor protein. Polymerizing micro-
tubules can deform membranes27 or induce microtubule buckling28,
while depolymerizing microtubules can move beads attached to their
ends29. Furthermore, the forces generated are high — up to 4 pN —
which indicates that microtubule dynamics can generate as much
force as motor proteins16. These forces can be used to form structures
in vitro. Indeed, if an aster of outward-growing microtubules is
placed in a microfabricated chamber, the pushing forces are capable
of centring the aster30,31, analogous to the centring of the nucleus in
yeast22. Thus the microtubule end can be thought of as a molecular
machine. Because microtubules grow and shrink by addition and loss
of subunits from their ends, coupling of microtubule pulling and
pushing to mechanical work can be distilled to the problem of the
nature and control of the plus end of the microtubule.

GTP hydrolysis cycle
The energy to drive the microtubule machine comes from GTP
hydrolysis. Tubulin is a GTPase whose activity is stimulated by poly-
merization32. A crucial observation is that tubulin polymerizes in the
presence of non-hydrolysable GTP to form stable microtubules33.
Thus, polymerization is driven by the high affinity of the
tubulin–GTP dimer for the end of the microtubule. The high affinity
means that polymerization will take place even against compressive
forces, theoretically as high as several piconewtons16, accounting for
the ability of a growing microtubule to do work. But the high stability
of the GTP microtubule poses a problem for disassembly, because
GTP microtubules depolymerize at a negligible rate and evidently
cannot do work while shortening. This problem is solved by GTP
hydrolysis. The resulting GDP microtubule is very unstable and, if
allowed to, will depolymerize even in the presence of tensile forces
that oppose the depolymerization. Thus, binding of the GTP subunit
can do work during the growth phase while unbinding of the GDP
subunit can do work during the shrinkage phase.

There are two key regulatory events in the GTP cycle. The first is
the coupling of hydrolysis to polymerization (for a detailed discus-
sion, see ref. 34). An elegant coupling mechanism has been provided
by the determination of the atomic structure of tubulin (Fig. 4a). In a
microtubule, the !-subunit resides at the plus end35. The structure
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Figure 1 Microtubules are dynamic polymers. a, An interphase cell stained with an
antibody to tubulin. Microtubules extend from the centrosome throughout the cell.
(Image courtesy of A. Akhmanova.) b, A schematic diagram of the cell. Centrioles are
shown in the centrosome (yellow). Red circles denote vesicles moving to the outside of
the cell. Green circles denote vesicles moving to the centrosome.
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Figure 2 Microtubule structure and dynamics.
a, A microtubule lattice. The !-subunit of
tubulin is on the plus end. b, Dynamic
instability of microtubules. Microtubules
growing out from a centrosome switch
between phases of growing and shrinking. 
The figure shows a hypothetical aster at two
different times. The different colours represent
different microtubules. The red and yellow
microtubules are shrinking at both times. The
blue microtubule is growing at both times. The
green microtubule, growing at the first time,
has undergone a catastrophe by the second
time. The brown microtubule, shrinking at the
first time, has undergone a rescue by the
second time.
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shows that, although the !-subunit pocket can bind GTP, it lacks 
crucial residues necessary for hydrolysis. These residues are donated
by the "-subunit when it docks to the end, and in this way hydrolysis
is triggered36 (Fig. 4b). If hydrolysis is faster than polymerization 
then the structural findings support a simple model in which a single
ring of GTP subunits stabilizes the microtubule plus end by 
preventing internal GDP subunits from dissociating37,38. On the
other hand, if hydrolysis lags behind polymerization, then a large cap
of GTP subunits may form at the end and this could further stabilize
the microtubule. Removal of this cap and the triggering of micro-
tubule depolymerization constitutes the second key regulatory
event. But we know a lot less about this event than the coupling of
hydrolysis to polymerization. Recent work on the structure of the
microtubule end, and proteins that bind to the end, is beginning to
shed light on this issue.

Structure of the microtubule end
If a microtubule end is to act as a molecular machine, then it must
undergo conformational changes in response to GTP hydrolysis. For
example, motor proteins undergo a structural transition, known as
the powerstroke, that is driven by the ATP hydrolysis cycle and that
leads to the generation of force and the production of mechanical
work16,17,39. Analogous changes do indeed take place at the ends of the
microtubule. Viewing growing and shrinking microtubules in vitre-
ous ice has shown that, both for pure tubulin and for microtubules
growing under physiological conditions, the ends of growing micro-
tubules (Fig. 4c) consist of two-dimensional sheets of protofilaments
(head-to-tail arrangements of tubulin dimers)40,41, whereas the ends
of shrinking microtubules (Fig. 4d) are frayed, often resembling rams’
horns41,42. Therefore it seems clear that there is a structural transition
associated with the switch between growing and shrinking.

How does GTP hydrolysis control this structural transition? The
early discovery of protofilament rings as depolymerization products
of microtubules led to the hypothesis that GTP hydrolysis destabi-
lizes the lattice by increasing the curvature of the protofilament43,44.
Thus in the GTP state the subunits form straight protofilaments that
fit nicely into the wall of the microtubules, whereas in the GDP state
they form bent protofilaments that want to splay out from the lattice
(Fig. 4d). Recent work has provided strong additional evidence for
this model. First, protofilaments made from GTP–tubulin are
straighter than those made from GDP–tubulin45. Second, the 

structure of the tubulin-sequestering protein Op18/stathmin 
complexed with two tubulin–GDP dimers shows the dimers are
bent46. Although we do not know whether the bend is introduced by
Op18 or not, it is suggestive that the bend within the dimer, together
with rotation between the dimers, generates a protofilament with the
same curvature as a GDP protofilament measured by other means.

We can now summarize with some confidence the relationship
between GTP hydrolysis and the structural changes at the end of the
microtubule. First, GTP–tubulin polymerizes onto the end of the
microtubule (Fig. 2a). Second, docking of the "-subunit with the 
!-subunit of the lattice-attached dimer completes the hydrolysis
pocket, triggering GTP hydrolysis (Fig. 4b). Third, GTP hydrolysis
induces a bend within the subunit (or between subunits), inducing
curvature in the lattice and destabilizing the microtubule (Fig. 4c).
Thus the bending of the subunit induced by GTP hydrolysis is 
analogous to the powerstroke of a motor — the fuel driving the 
polymerization engine is GTP–tubulin binding to the end of the
microtubule, whereas the fuel driving the depolymerization engine 
is release of mechanical strain from the lattice.

Proteins that bind to microtubule ends
Coupling of dynamic microtubule ends to cellular structures
requires proteins with unusual properties. If a protein binds to the
end of a shrinking microtubule, will it not detach as the tubulin
dimers at the end detach? Conversely, if a protein binds to the end of a
growing microtubule, will it not block the association of additional
tubulin dimers?

Proteins that modulate microtubule dynamics have been known
traditionally as microtubule-associated proteins or MAPs47. Such
proteins, originally isolated from bovine brain, but since identified in
all systems studied, increase the growth rate and prevent microtubule
catastrophes. So far, studies of MAPs have told us little about the
mechanisms by which proteins modulate the dynamics of the micro-
tubule ends. The reason is that they bind all along the microtubule 
lattice, yet we expect that their effect on dynamics should take place
only at the microtubule end. A significant step forward in understand-
ing the dynamics of the plus end was taken with the introduction of
green fluorescent protein (GFP) technology to describe proteins that
specifically target microtubule ends and in many cases mediate their
dynamics48–50. Two distinct classes of end-binding proteins have been
described: the MCAKs (for mitotic centromere-associated kinesins),

NATURE | VOL 422 | 17 APRIL 2003 | www.nature.com/nature 755

a

b c

Figure 3 Interaction of microtubule ends with cellular
structures. a, During metaphase of mitosis, movement of
the chromosome (to the right) is associated with
polymerization of microtubules on one side (left) and
depolymerization on the other (right). b, Two-cell stage
Caenorhabditis elegans embryo. One spindle (on the right) 
is rotated with respect to the other, perhaps through
interactions between microtubules and a cortical site
located between the two cells. c, Movement of the
Saccharomyces cerevisiae spindle pole into the bud (at the
right). Microtubules from one of the spindle pole bodies
attach to the bud cortex. Depolymerization of these
microtubules at the cortex may reel in the spindle into 
the bud.
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What is a Microtubule Made Of?
from wikipedia



microtubules grow in the presence of GFP–CLIP-170, bright patches
can be seen at the growing end; these patches then disappear when the
microtubule stops growing63,64 (Fig. 5c). Both the S. pombe65 and the
S. cerevisiae66 homologues of CLIP-170 have also been shown to 
target microtubule ends. Work in tissue culture cells illustrates the
interaction between CLIP-170 and dynamic microtubules. Here,
microtubules growing from centrosomes initially exhibit similar
dynamic instability properties as described in vitro67. That is, they
have a low catastrophe rate and if a microtubule does catastrophe, it
usually shrinks back to the nucleation centre because the rescue rate
is also low. But when a microtubule reaches the cell periphery, the sta-
bility of its plus end changes markedly. Here, microtubules that
undergo catastrophe rapidly rescue, and microtubules close to the
membrane show frequent fluctuations between phases of growing
and shrinking67. This is thought to allow the microtubules to adapt
rapidly to changes in cell shape. Recent work has suggested that these
rescue events near the cell periphery are determined by CLIP-170.
Removal of CLIP-170 binding to microtubules by dominant negative
constructs inhibits rescue of microtubules near the cortex, thus pre-
venting the formation of stable populations of microtubules64.

In S. pombe, removal of CLIP-170 leads to an increase in catastro-
phe rates so that few microtubules reach the end of the cell65. As a
result, polarized growth that takes place at the end of the cell is
impaired, leading to an aberrant cell morphology. The results in yeast
suggest that microtubule dynamics play a role in cell signalling by
providing a mechanism for the targeting of signals (perhaps by asso-
ciation with the CLIP-170 complex) that are necessary for polarized
growth. Studies on the interaction between microtubules and focal
contacts provide further evidence for a role of the microtubule end in
cell signaling68.

Since the discovery of CLIP-170, many more plus-end-binding
proteins have been identified48,69,70. CLASP proteins target micro-
tubule ends by binding to CLIP-170 (ref. 71). EB1 has been shown to
bind to the tips of growing microtubules49, where it stabilizes the
polymer in mitosis by preventing catastrophes72 and may recruit 
adenomatous polyposis coli (APC) to the microtubule end49. Stu2,
the XMAP215 homologue in S. cerevisiae, also targets the ends of
growing microtubules73.

The discovery of these different end-binding proteins is beginning
to shed light on how microtubule ends can couple to the cortex and
thus mediate mechanical work. In S. cerevisiae, the Kar9 protein, which
may be the yeast analogue of APC, links microtubule ends to the cortex.
The binding of Kar9 to microtubule ends is dependent on the 
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which bind to microtubule ends and destabilize them (Fig. 5a), and
the plus-end-binding proteins (or +TIPs48), which bind to the 
growing end of the microtubule and at least in some cases stabilize 
the microtubule during its growth phase (Fig. 5c).

MCAK/Kin I kinesins
The best understood end-binding proteins are the MCAKs, also
called Kin I kinesins. These unusual kinesins51,52, rather than moving
along the surface of microtubules like other motor proteins, use 
energy from ATP hydrolysis to bind to the ends of microtubules,
remove tubulin subunits and thus trigger depolymerization53,54.
Removal of the XenopusMCAK (XKCM1) from egg extracts dramat-
ically increases the size of the microtubule arrays55 by suppressing
catastrophes56. Overexpressing MCAK in tissue culture cells leads to
an almost complete loss of microtubules57, perhaps by increasing cat-
astrophes. The localization of MCAK at kinetochores suggests that
they could trigger depolymerization during mitosis58. It has recently
been shown that the combination of XKCM1 and a MAP
(XMAP215) can reconstitute the physiological properties of 
dynamic instability in vitro59. Thus it seems that, by increasing the
catastrophe rate, MCAKs are central to the generation of dynamic
microtubules inside cells.

How might the interaction of MCAKs with the end of a growing
microtubule convert it to a shrinking one? In the presence of non-
hydrolysable ATP analogues, MCAK-family proteins bind to the
ends of microtubules and form curled protofilaments — the rams’
horns53,60,61. These observations suggest that MCAK proteins bind
preferentially to the bent form of the tubulin dimer (Fig. 5b). Even
growing microtubules are expected to have a small flair at their ends,
owing to internal strain of the GTP subunits62, and MCAK may 
discriminate between the ends of a microtubule and the lattice (that
is, the lateral surface) by recognizing these slightly bent subunits in
the flared region. A plausible hypothesis for how MCAK destabilizes
a growing microtubule is that, after it binds to the end, it causes 
additional bending, inducing the formation of the curl, which 
weakens the association of the terminal GTP–tubulin dimer and
catalyses its dissociation into solution. Thus by triggering release of
GTP subunits from the end of the microtubule, MCAK gates the
release of the strained GDP subunits that were trapped in the lattice.

Plus-end-binding proteins
The first bona fide plus-end-binding protein described was 
CLIP-170, a linker between membranes and microtubules63. As
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Figure 4 Model for how the GTP hydrolysis cycle
is coupled to structural changes in the
microtubule. a, Atomic structure of the tubulin
dimer as seen in the wall of the protofilament. 
b, Docking of the !-" subunit to the microtubule
end. Residues from the incoming !-subunit
trigger hydrolysis of the GTP bound to the lattice-
attached "-subunit. c, d, Microtubules at
growing ends contain sheets of protofilaments
while microtubules at shrinking ends curl. The
straight–bent transition is also shown in panel d.
The GTP dimer is thought to have a straight
conformation that fits nicely into the straight wall
of the microtubule. Hydrolysis of GTP induces a
bend in the subunit, but this bend is constrained
within the lattice. The constraint places stress on
the lattice, which is released during
depolymerization, allowing the protofilament to
adopt a curled conformation.
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based on changes in the arrangement of tubu-
lin subunits in the polymer lattice. Tubulin
molecules in microtubules are arranged in 13
lines called protofilaments, which lie parallel
to the microtubule axis. When microtubules
depolymerize, these protofilaments curve out-
wards, and in the presence of microtubule-
associated proteins or certain divalent cations,
they bend back on themselves to form 
stable rings of GDP-tubulin (Fig. 1a)6. GTP
hydrolysis was proposed to destabilize micro-
tubules, and drive dynamic instability, by 
promoting outward curving5, although the
mechanism coupling hydrolysis to curving
was unknown.

By comparing the structure of GDP-
protofilament rings1 with that of micro-
tubules7, Wang and Nogales1 reveal how GTP
hydrolysis promotes protofilament curving
and thus destabilizes the microtubule lattice.
The GDP-protofilament is bent at both the
inter- and intra-dimer interfaces, making it
curve outwards from the microtubule. Within

the main microtubule, most subunits are
bound to GDP, and thus their lowest energy
state would be this curved form. However,
contact with neighbours in the lattice forces
the protofilament to be straight, except at the
ends. In this way, the microtubule lattice 
captures chemical energy from GTP hydroly-
sis and stores it in the form of mechanical
strain energy. Depolymerization releases this
strain energy, making the reaction energeti-
cally favourable, even in the presence of high
concentrations of GTP-tubulin. 

Wang and Nogales1 also solved the structure
of tubulin with GMPCPP, an analogue of 
GTP, bound to !-tubulin. This analogue is not
hydrolysed during polymerization, and by
mimicking GTP it locks tubulin in the GTP
conformation. Simple dynamic instability 
theory predicts that the preferred conforma-
tion of GTP-tubulin should be that of the
microtubule lattice; that is, straight protofila-
ments. But in the GMPCPP structure they in
fact curve outwards, albeit to a lesser extent
than GDP protofilaments. This structure re-
quired cooling, which induces a conforma-
tional change in tubulin, so the geometry
might differ from anything that occurs nor-
mally. With that caveat, the combined data
support a two-step model for microtubule
growth, with initial polymerization into gently
curved sheets, followed by tube closure1,5.
Exactly when GTP hydrolysis occurs is not
clear. GTP analogue protofilaments roll up
into microtubules on warming1, showing that
hydrolysis is not necessary for tube closure.
The alternative forms of the GTP-tubulin 
lattice probably have similar energies, and may
interconvert at growing ends, while maintain-
ing a GTP cap (Fig. 1a). 

A greater understanding of how tubulin
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Powerful curves
L. Mahadevan and T. J. Mitchison

A cell’s contents are organized by a scaffolding of microtubules. These long,
thin polymers continuously grow and shrink, and the structures of two
forms of the constituent protein provide clues to how this occurs.

Microtubules are long polymers of the protein
tubulin that form a network within cells to
help arrange the cell components and provide
transport tracks for motor proteins. Rather
than being static permanent structures, micro-
tubules continuously grow and shrink through
the polymerization and depolymerization 
of tubulin. Such processes are central to the
microtubules’ spatial organization and their
ability to generate the forces necessary to func-
tion. In this issue, Wang and Nogales (page
911)1 report high-resolution structures of two
alternative polymeric states of tubulin, which
provide insights into the molecular mecha-
nisms that power growth and shrinkage. 

Tubulin is a stable dimer of " and ! sub-
units, both of which bind guanine nucleo-
tides. Guanosine triphosphate (GTP) that is
bound to !-tubulin is hydrolysed to guanosine
diphosphate (GDP) during microtubule
assembly, and this nucleotide regulates tubu-
lin conformation and behaviour, with GTP
favouring polymerization, and GDP depoly-
merization. In the presence of tubulin and
GTP, individual microtubule ends tend to
grow for many micrometres, and then switch
to shortening. This transition, called a cata-
strophe, occurs spontaneously with pure tubu-
lin and constant GTP levels, although in cells
it is regulated by other proteins. The resulting
‘dynamic instability’2 allows microtubule ends
to efficiently explore their surroundings3 and
to perform mechanical work by pushing and
pulling4. A central question is how the chemi-
cal energy from GTP hydrolysis is harnessed
to power both growth and shrinkage of micro-
tubules in dynamic instability. 

Initial models emphasized a thermody-
namic–kinetic view. GTP-bound tubulin sub-
units  have a high affinity for microtubule ends
and dissociate slowly, whereas GDP-bound
tubulin subunits have a low affinity and disso-
ciate quickly2. A proposed kinetic lag between
polymerization and hydrolysis could generate
a ‘GTP cap’ that stabilizes growing ends.
Definitive evidence for or against such a cap is
still lacking. 

More recently, cryo-electron microscopy of
growing and shrinking microtubules5 suggested
a complementary structural–mechanical view,

Figure 1 |Dynamic microtubule structure. a, A synthesis of the thermodynamic, kinetic and structural
views showing the growing and shrinking microtubule ends. Growing ends (left) fluctuate between
gently curved and straight protofilament sheets; shrinking ends (right) are dominated by highly
curved, peeling protofilaments. Structures have been solved for three forms of the microtubule lattice:
microtubule (M)7, GTP-protofilament (Pft)1 and GDP-protofilament (Pfd)1. b, Our model of a free-
energy landscape for the microtubule lattice. Each of the three metastable forms of tubulin polymer can
be approximately specified by two curvatures: Klong parallel to and Klat perpendicular to the microtubule
axis (inset). Coloured shapes represent these forms, corresponding to low-energy wells in the
landscape. The larger wells are less geometrically constrained. Dotted lines represent energy barriers.
GTP-tubulin (red) interconverts rapidly between M and Pft forms across a low barrier. GDP-tubulin
(green) crosses the higher barrier between M and Pfd less frequently, and perhaps irreversibly. 
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How Do Microtubules Grow and Shrink?



Microtubule Evolution
Fygenson et al., PRE (1994)
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Microscopic Model

2. Conversion: GTP+ hydrolysis to a GDP− monomer.

| · · · + · · ·〉 =⇒ | · · ·− · · ·〉 rate 1

1. Growth: attachment of a GTP+ monomer.

| · · ·+〉 =⇒ | · · · + +〉 rate λ

| · · ·−〉 =⇒ | · · ·− +〉 rate pλ

3. Shrinking: detachment of a GDP− from the microtubule end.

| · · ·−〉 =⇒ | · · ·〉 rate µ
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Dynamics of Unrestricted Growth
no detachment: µ = 0

color-blind attachment: p = 1

ΠN ≡ prob. that tubule contains N GTP+

Master equation:
dΠN

dt
=−(N+λ)ΠN +λΠN−1+(N+1)ΠN+1

ΠN (t) =
[λ(1 − e−t)]N

N !
e
−λ(1−e

−t)Solution:

N ≡ number of GTP+

Rate equation:
d

dt
〈N〉 = λ − 〈N〉 → 〈N〉 = λ

conversion:
N+1→N

attachment:
N-1→N

conversion:
N→N-1

attachment:
N→N+1



Generating Function Solution
generating function: Π(z) ≡

∑
∞

N=0
ΠNz

N

dΠN

dt
=−(N+λ)ΠN +λΠN−1+(N+1)ΠN+1

→

∂Π

∂t
= (1 − z)

(

∂Π

∂z
− λΠ

)

.

define Q = Πe
−λz, y = log(1 − z),

→
∂Q

∂t
+

∂Q

∂y
= 0,

formal solution: Q = F (t−y) = F (e−t(1−z))

for initial condition ΠN (t = 0) = δN,0

→ Π(z, t) = e−λ(1−z)(1−e
−t)



Cap Length Distribution

ṅk = λ(nk−1 − nk) − knk +
∑

s≥k+1

nsMaster equation:

Nk =
λ

k + λ
Nk−1 Nk =

∑

s≥k

nsSteady state:

Nk =
λk Γ(1 + λ)

Γ(k + 1 + λ)
Solution:

→ 〈k〉 =

∑

k≥0

knk ∼

√

πλ

2
λ → ∞

attach to 
(k-1)-cap

attach to 
k-cap

convert 
k-cap

convert 
>k-cap

!<L>=  t
cap

k

nk ≡ probability that cap length equals k



The GTP+ populated zone:

 Island Distributions:  Continuum Limit
λ → ∞

1 =
∑

x≥!

e
−x/λ = (1 − e

−1/λ)−1
e
−!/λ

!<L>=  t

! = λ lnλ

extreme criterion: 1 GTP+ beyond !

prob. GTP

prob. GTP+ distance x from tip does not convert: e
−τ = e

−x/λ

x



Cap Length Distribution (continuum)

prob. that cap has length k:

!<L>=  t

k

all monomers within k 
of the tip do not convert

monomer k+1 
converts

(1 − e
−(k+1)/λ)

k∏

j=1

e
−j/λ

nk ∼

k + 1

λ
e
−k(k+1)/2λ → 〈k〉 ∝

√
λ



Island Length Distributions
prob. positive island at x has length k:

(1−e
−x/λ)(1−e

−(x+k+1)/λ)
k∏

j=1

e
−(x+j)/λ

monomer at 
x converts

monomer at 
x+k+1 converts k monomers in between 

do not convert

!<L>=  t

k

x

→ (1 − e
−x/λ)2 e

−kx/λ

Ik ≡ density of islands of length k

=

∫
∞

0

dx (1 − e
−x/λ)2e−kx/λ =

2λ

k(k+1)(k+2)

prob. GTP



Jk =

∫
∞

0

dx e
−2x/λ(1 − e

−x/λ)k =
λ

(k + 1)(k + 2)

prob. negative island at x has length k:

!<L>=  tx

k

e
−2x/λ(1 − e

−x/λ)k

end monomers 
do not convert

k monomers in 
between convert

{away 
from tip

shorter GTP+ islands: k−3 distribution
longer GDP− islands: k−2 distribution



Catastrophes
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C(λ) =

√
2πλ

1 + λ
e
−π2λ/6

e
1/24λ

∏

n≥1

(1 − e
−4π2λn)

∼

√

2π

λ
e
−π2λ/6

C(λ) =
1

1 + λ

∞∏

n=1

(1 − e
−n/λ)catastrophe probability:

prob. last monomer 
converts before 
new attachment

prob. rest of tubule 
has converted

η(z) = e
iπz/12

∞∏

n=1

(1 − e
2πinz)Dedekind η function:

∞
∏

n=1

(1 − e
−2an) =

√

π

a

e
(a−b)/12

∞
∏

n=1

(1 − e
−2bn)η(−1/z) =

√

−iz η(z) b =

π2

a
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avalanche probability:

prob. last monomer 
converts before 
new attachment

Ak =
1

1 + λ

k−1∏

n=1

(1 − e
−n/λ)

prob. k monomers of 
tubule have converted

Ak = λ
−kΓ(k)

k−1
∏

n=1

(

1 −

n

2λ

)

∼ λ
−kΓ(k) e

−k2/4λ

expand exponential to 2nd order:



 Microtubule Phase Diagram

λ, µ ! 1

λ, µ ! 1

rescue occurs if: tshrink =
L
µ

>
1

pλ

fast conversion → end is GDP−

attach (grow) with rate pλ
detach (shrink) with rate µ

→ µ
∗
≈ p e

π2λ/6

during growth: L = vt ≈ eπ2λ/6 ignore power-law terms in λ 
compared to exponential terms

v = pλ−µ → µ∗
= pλ
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Summary & Outlook

microtubules have rich dynamical behavior

reality checks
comparison with real data

validation of model parameters

dynamics solvable by probabilistic approaches


